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Abstract

SupposeS is a parametrizedsurfacein complexprojective 3-spaceP 3 given asthe

imageof � : P1 � P1 ! P3. The implicitization problem is to computean implicit

equation F = 0 of S using the parametrization � . An algorithm using syzygies

exists for computing F if � has no basepoints, i.e. � is everywherede�ned. This

work is an extensionof this algorithm to the caseof a surfacewith multiple base

points of total multiplicit y k.

We accomplishthis in three chapters. In Chapter 2, we develop the conceptand

properties of Castelnuovo-Mumford regularity in biprojective spaces.In Chapter

3, we give a criterion for regularity in biprojective spaces.Theseresultsareapplied

to the implicitization problem in Chapter 4.

v



1. In tro duction

1.1 Motiv ation for the Implicitization Problems

We start with a simple example:The curve in Figure 1.1 is given by the following
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FIGURE 1.1. Curve

parametric equations:

x = t2 � 1;

y = t(t2 � 1):

The implicitization problem is to convert the parametrization into a de�ning

equation for the curve, which we �nd is:

y2 � x2 � x3 = 0:

Parametric surfacesare widely usedin computer aided designprojects sinceit is

easyto describe the points of the surfaceby meansof the parametervalues.Given

the parametric equations,the computercanevaluate for di�eren t parametervalues

and then plot the points. But it is hard to decidewhether a point is on the surface

which is parametrically presented. For examplethe graph in
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FIGURE 1.2. Surface

Figure 1.2 is plotted by using the parametric representation:

x = t(u2 � t2);

y = u;

z = u2 � t2

To answer the following question, it is useful to have an implicit representation

of a variety.

Question : Is the point (x0; y0; z0) on the abovesurface?

Answer:

To decidethis questionfrom the knowledgeof the parametric equations,weneed

to solve the equations

x0 = t(u2 � t2);

y0 = u;

z0 = u2 � t2:

for t; u, if possible.

Trying to solve theseequationsleadsto

x2
0 � y2

0z2
0 + z3

0 = 0;
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asa criterion for the solveability of the parametric equations.That is the implicit

equation x2 � y2z2 + z3 = 0, an easily checked criterion for deciding if a point

(x0; y0; z0) is on the parametrized surface.For example, (1; 2 � 1) is not on the

surfacesince

12 � 22(� 1)2 + (� 1)3 = 1 � 4 � 1 = � 1 6= 0;

while (10; 3; 5) is on the surfacesince

102 � 3252 + 53 = 0:

To describe the set of points which are commonto two di�eren t parametrically

presented surfacesis a di�cult problem using the parametric descriptions.If the

surfacesare described by meansof external, i.e. implicit equations, then to �nd

the set of common points of two surfacesreducesto the problem of �nding the

commonsolutionsof two explicitly given polynomial equations.This is a problem

which can be handled relatively easily. For example, let's consider the following

question:

Question : What is the intersection of the parametric surfaces S1 and S2?

The surfaceS1 (Figure 1.3) is given by the parametric representation: Figure 1.3
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FIGURE 1.3. SurfaceS1
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is plotted by using the parametric representation given by:

x =
1 � u2

1 + u2
;

y =
2u

1 + u2
;

z = v;
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FIGURE 1.4. SurfaceS2

While S2 (Figure 1.4) is given by:

x = uv;

y = v;

z = u2:

Figure 1.5 is the picture of the intersection of the above two surfaces:It is not

easyto describe the intersection if the surfacesare represented parametrically. If

we useimplicit equationsto describe the surface,then �nding intersectionsis just

to �nd the solutions of the two polynomials:

x2 + y2 = 1

y2z � x2 = 0

The solution set is:

f (�
p

1 � y2; y;
1 � y2

y2
) : 0 < jyj � 1g:
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FIGURE 1.5. S1 \ S2

Thus there is a needfor being able to go back and forth betweena parametric

and an implicit description of a surface.This is, in essence,the implicitization

problem.Describe algorithmsto produce an implicit equation of a surface for which

one knowsa parametric description.

Wewill work over the �eld C, sinceit is algebraicallyclosedand the commutativ e

algebraneededis developedover C. SupposeS is a parametrizedsurfacein complex

projective 3-spaceP3 given as the imageof

� : P1 � P1 ! P3

where

� = (a(s;u; t; v) : b(s;u; t; v) : c(s;u; t; v) : d(s;u; t; v)):

where a;b;c;d 2 R = C[s;u; t; v] are bihomogeneouspolynomials of bidegree

(m; n). The map � is known as a parametrization of the surface.Im(� ) is a con-

structible subset in P3. If � is a generically one-to-onemap, then Im(� ) has di-

mension2, that is a surfaceS in P 3. The closureof Im(� ) is an algebraicsubset

of dimension2, and it can be expressedby an equation. The implicitization prob-

lem is to compute an implicit equation F = 0 of the closureof Im(� ) using the

parametrization � .
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1.2 Three Ma jor Techniques

For any parametrization, we can �nd the implicit equation via elimination of the

parameters.In practice, there are three methods used:resultants, Gr•obner bases,

and syzygies.

Resultant computationsare basedon the methods developed by Macaulay [28],

Cayley [7], Bezout, Dixon [14]. The resultant can tell us whether two polynomials

have a commonfactor. To �nd an implicit equation via resultants is to eliminate

a subsetof variablesfrom a set of polynomials.

For example,we can rewrite the parametric equationsof Figure 1.1 as the fol-

lowing equations:

t2 � (1 + x) = 0

t3 � t � y = 0:

Then the SylvesterResultant of the aboveequationwith respect to t canbewritten

as a determinant of 5 � 5 matrix N ,

N =

2

6
6
6
6
6
6
6
6
6
6
6
4

1 0 0 1 0

0 1 0 0 1

� (1 + x) 0 1 � 1 0

0 � (1 + x) 0 � y � 1

0 0 � (1 + x) 0 � y

3

7
7
7
7
7
7
7
7
7
7
7
5

And the implicit equation for the curve is jN j = � x2 � x3 + y2 = 0:

It is not an easytask to compute the implicit equationsvia resultants. It often

involvesan extraneousfactor and requiresa polynomial division to eliminate the

extraneousfactor.

Gr•obnerbaseswereproposedby Buchberger[5] for e�cien t computation in poly-

nomial rings. Many problemsabout ideals in polynomial rings can be attacked by
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Gr•obnerbases.Gr•obnerbasescanbe usedto �nd solutionsto a setof polynomials,

compute projections of their variety into lower dimensionalspacesand test poly-

nomialsfor ideal membership.With Gr•obnerbases,we can computethe equations

satis�ed by given elements of an a�ne or homogeneouscoordinate ring. Geometri-

cally, this is the computation of the closureof the imageof an a�ne or projective

variety under a morphism. This method requiresan ordering of the monomialsin

the polynomial ring. The algorithm gives a basesof the ideal generatedby the

parametric equations.This method will producethe implicit equationwithout any

extraneousfactor [3]. Let's usethe exampleof the equationsof Figure 1.1 again.

We will take the lex order in the ring K [x; y; t] by the variable ordering t > x > y,

whereK is an algebraicallyclosed�eld. Using Mathematica, we �nd the Gr•obner

basesof the ideal

~I = hx � (t2 � 1); y � t(t2 � 1)i

is:

f x2 + x3 � y2; � x � x2 + ty; tx � y; 1 � t2 + xg

The implicit equation is:

y2 � x2 � x3 = 0:

The �rst polynomial in the Gr•obner baseseliminates the variable t, since t is

the largest in the monomial order. This polynomial is the implicit equation of

our curve. However, in practice, Gr•obnerbasescalculationsrequire more time and

memory than resultant calculations (see [27] and [42]). Resultants are still the

preferredchoiceto compute the implicit equations.

Syzygy techniques have been developed recently as a tool for �nding implicit

equations.The �rst introduction of syzygy-like techniques in the implicitization

problem was the the useof moving lines to produce implicit equationsfor curves

7



by Sederberg and Chen [36]. For curves, the goal is to �nd the implicit equation

of a parametrizedcurve in the projective plane P 2 given by

� : P1 ! P2

� = (a(s;u) : b(s;u) : c(s;u));

wherea;b;c are homogeneouspolynomials in the polynomial ring C[s;u] of degree

n, and gcd(a;b;c) = 1. A moving line in P 2 is a linear form

A(s;u)x1 + B(s;u)x2 + C(s;u)x3;

whereA; B ; C 2 C[s;u] arehomogeneousof the samedegree.Wesay that a moving

line hasdegreek if A; B ; C are homogeneousof degreek. If

A(s;u)a(s;u) + B(s;u)b(s;u) + C(s;u)c(s;u) = 0; 8(s : u) 2 P 1;

then we say the moving line follows the parametrization � . In the terminology of

commutativ ealgebra,wesay that (A; B ; C) is a syzygyof (a;b;c), and wewrite this

as(A; B ; C) 2 Syz(a;b;c), whereSyz(a;b;c) is the syzygymoduleof (a;b;c) over the

ring C[s;u]. We let Syz(a;b;c)k denote the set of syzygies(A; B ; C) with A; B ; C

homogeneousof degreek. Syz(a;b;c)k is a vector spaceover C which consistsof

the moving lines of degreek. The number of linearly independent moving lines of

degreek is the dimensionof the kernel of the following map:

R3
k

(a;b;c)
� � � ! Rn+ k

(A; B ; C) ! Aa + Bb+ Cc

whereR = C[s;u] and Rk denotesthe homogeneousformsof degreek. If k = n � 1,

we have n linearly independent moving lines of degreen � 1 of the form

A i x1 + B i x2 + Ci x3 =
n� 1X

j =0

L ij (x1; x2; x3)sj un� 1� j ;

8



where (A i ; B i ; Ci ) 2 Syz(a;b;c)n� 1 are homogeneouspolynomials in s;u [9]. We

can usethesen moving lines to construct an n � n matrix, where the columnsof

the matrix are indexed by the monomial basesof Rn� 1, the rows of the matrix

are indexedby the linearly independent moving lines A i x1 + bi x2 + Ci x3, and the

entries of the matrix are the coe�cien ts L ij (x1; x2; x3) of sj tn� 1� j in the moving

lines.

The following result is proved in [12]:

Theorem 1.2.1. The implicit equation of � is F = 0, where

F h = det(L ij (x1; x2; x3))

and h is the genericdegree of � : P 1 ! P2.

This theorem usessmaller determinants than the classicalmethods to �nd the

implicit equation of the parametrized curve. Shortly after that, Cox, Goldman

and Zhang extendedtheseideasto show the validit y of implicitization by moving

quadrics for rational surfaceswith no basepoints. No basepoints meansthat the

parametric equation is de�ned for all valuesof the projective parameter. In case

there is no basepoint and the parametrization is given by

� : P1 � P1 ! P3

� = (a(s;u; t; v) : b(s;u; t; v) : c(s;u; t; v); d(s;u; t; v)):

wherea;b;c;d 2 R = C[s;u; t; v] arebihomogeneouspolynomialsof bidegree(m; n)

and gcd(a;b;c;d) = 1, the goal is to compute the implicit equation F = 0 of

Im(� ). In the paper [10], the conceptsof moving planesand moving quadricsare

introduced.A moving plane is a linear form

Ax 1 + Bx2 + Cx3 + Dx4 2 R[x1; x2; x3; x4];

9



and a moving plane follows the parametrization � if

A(p)a(p) + B(p)b(p) + C(p)c(p) + D(p)d(p) = 0; 8p = (s : u; t : v) 2 P 1 � P1:

This is equivalent to saying that (A; B ; C; D) 2 Syz(a;b;c;d), whereSyz(a;b;c;d)

is the syzygymodule of (a;b;c;d) over the ring R = C[s;u; t; v]. Similarly, a moving

quadric is a quadric form

Ax 2
1 + Bx1x2 + � � � + Jx2

4 2 R[x1; x2; x3; x4];

and the moving quadric follows the parametrization � if

A(p)a(p)2 + B(p)b(p)2 + � � � + J (p)d(p)2 = 0; 8p = (s : u; t : v) 2 P 1 � P1:

This is equivalent to saying that (A; B ; � � � ; J ) 2 Syz(a2; ab;� � � ; d2). In analogy

with moving lines, the moving planesand moving quadrics of bidegree(k; l) are

denotedby Syz(a;b;c;d)k;l , Syz(a2; ab;� � � ; d2)k;l respectively. Let Rk;l denote the

bihomogeneousforms of bidegree(k; l) in s;u; t; v, and considerthe map:

M P : R4
m� 1;n� 1

(a;b;c;d)
� � � � ! R2m� 1;2n� 1

(A; B ; C; D) ! Aa + Bb+ Cc + Dd:

This map can be represented by a mn � mn matrix and

dim(Syz(a;b;c;d)m� 1;n� 1) = dim ker(M P):

Also, there is a map:

M Q : R10
m� 1;n� 1

(a2 ;ab;��� ;d2 )
� � � � � � � ! R3m� 1;3n� 1

(A; B ; � � � ; J ) ! Aa2 + Bab+ � � � + Jd2:

This map can be represented by a 9mn � 10mn matrix and

dim(Syz(a2; ab;� � � ; d2)m� 1;n� 1) = dim ker(M Q):

10



If weconstruct an mn� mn matrix M whosecolumnsareindexedby the monomial

basesof Rm� 1;n� 1, the rowsare indexedby linearly independent moving planesand

moving quadrics, and the entries of the matrix are the coe�cien ts of the moving

planesand moving quadricswith respect to the monomial basesof Rm� 1;n� 1.

The result of [9], [10] says:

Theorem 1.2.2. If � : P1 � P1 ! P3 hasno basepoints and is generically one-to-

one, then dim(Syz(a;b;c;d)m� 1;n� 1) = 0, dim(Syz(a2; ab;� � � ; d2)m� 1;n� 1) = mn,

and the implicit equation of the surface S � P 3 parametrized by � is

F = det(M );

where M is the matrix described above.

Current research is directed to the casewhere base points are present. Cox

and Schenck [11] gave a nice theorem about the syzygieswhen basepoints are

present. Recently, Cox, Bus�e, and D'Andrea [6] producedan algorithm for �nding

an implicit equationof a rational surfacefor the parametrization � : P 2 ! P3 with

basepoints present. Cox [9] alsogaveconjecturesabout the algorithm for �nding an

implicit equation of a rational surfacefor the parametrization � : P 1 � P1 ! P3

with basepoints present. My research is concernedwith the problem of �nding

implicit equationsof rational surfacesfor the parametrization � : P 1 � P1 ! P3

with basepoints via syzygies.

1.3 Questions When Base Poin ts App ear

Let's still considerthe caseof a parametrization

� : P1 � P1 ! P3

� = (a(s;u; t; v) : b(s;u; t; v) : c(s;u; t; v) : d(s;u; t; v);

11



where a;b;c;d 2 R = C[s;u; t; v] are bihomogeneouspolynomials of bidegree

(m; n), gcd(a;b;c;d) = 1. Let I = ha;b;c;di . The base points are the common

zerosof a;b;c;d, i.e. V(I ), the variety of the ideal I . We assumeV(I ) is a �nite

subsetof P1 � P1.

Three questionsarisewhen basepoints are present:

Question 1: What is dim Syz(I )m� 1;n� 1?

Question 2: What is dim Syz(I 2)m� 1;n� 1?

Question 3: Wil l jM j = 0 de�ne the image of � ? M is constructed as described

before Theorem 1.2.2 in Section 1.2.

The goal of this dissertation is to answer these questions.We will prove the

following theorems.

De�nition 1.3.1. The base points are local complete intersection (LCI) if for

every point p 2 V(I ), I p is a complete intersection ideal. This meansthat I p is

generatedby 2 elements of Op.

Theorem 1.3.2.

dim(Syz(I )m� 1;n� 1) =
X

p2 V (I )

e(I ; p) = k

where e(I ; p) denotesthe multiplicity of the basepoint, provided

1. there are �nitely many basepoints and the basepoints are LCI.

2. k = dim(R=I )2m� 1;2n� 1 � mn.

De�nition 1.3.3. For a bigraded ideal I � R = C[x0; � � � ; xm ; y0; � � � ; yn ] where

bidegreeof x i is (1; 0) and bidegreeof yi is (0; 1). The saturation of I is de�ned to

be

I sat = f f 2 R : (x i yj )k f 2 I ; 0 � i � m; 0 � j � n; for somekg:

12



I sat is the largest ideal containing I such that locally I sat de�nes the sameideal

as I , that is V(I ) = V(I sat) as a set and ~I = ~I sat as sheaves in Pm � Pn de�ned

by I and I sat.

Theorem 1.3.4. In addition to the conditions in Theorem 1.3.2, assumed 2

sat(a;b;c) and dim(Syz(a;b;c)m� 1;n� 1) = 0. Then

dim(Syz(I 2)m� 1;n� 1) = mn + 3k:

Theorem 1.3.5. Under the conditions of Theorem 1.3.2 and Theorem 1.3.4,

jM j = 0 is the implicit equation of the imageof � .

1.4 Dissertation Overview

The proofs of Theorem 1.3.2, Theorem 1.3.4, and Theorem 1.3.5 will require the

development of somebackground material. Someof thesetopics to be developed

in Chapter 2, Chapter 3, Chapter 4 are as follows:

Regularit y for Bipro jectiv e Space: SupposeJ is a homogeneousideal in a

gradedring A. The regularity of J , denotedby reg(J ), is the smallestinteger such

that Jk = Ak for all k � reg(J ). In general,regularity of a module is computed

from the minimal free resolution of the module. Sincewe are working in the case

of P1 � P1, we needto extend theseconceptsto the bigraded modules in bipro-

jective spaces.In simple terms, if I is a bihomogeneousideal in bigraded ring R,

then reg(I ) = (p;p0) where p;p0 are the smallest integerssuch that I k;k0 = Rk;k0

for all k � p and k0 � p0. The current de�nitions and properties about regularity

only apply to gradedmodules.We will developde�nitions and propertiesof (p;p0)-

regularity for coherent sheaves on Pm � Pn similar to Castelnuovo-Mumford's

regularity [31] for coherent sheaveson P m . We will also give a de�nition of weak

(p;p0)-regularity for a bigradedmodule similar to the work of Johnston,Katz [26]

13



and Ooishi [33]. However, in attempting to generalizea theoremsuch as[1, De�ni-

tion 3.2] for freeresolutionsof bigradedmodules,the conditionsfor weakregularity

are inadequate.Therefore,we de�ne a new concept,called strong regularity, and

we will prove a relationship betweenstrong regularity of a bigraded module and

the minimal free resolution of the module. This work was done in collaboration

with Dr. J. William Ho�man and is included in Chapter 2.

Regularit y and Saturation: In Chapter 3, wede�ne what it meansfor a bigraded

ideal to be weakly (p;p0)-saturated. This extendssomeof Bayer and Stillman's [2]

results concerningsaturation and regularity to the situation of a bigraded ideal.

We will discusssomeequivalenceconditions betweenweakly (p;p0)-saturated and

weakly (p;p0)-regular, and givea criterion for an bigradedideal to beweakly (p;p0)-

regular. With the properties of weak saturation and weak regularity, we are able

to provide a formula to compute the weak regularity of the saturation of a power

of a bigraded ideal. This is similar to the results for a graded ideal indicated in

Chandler's paper [8]. With the tools of regularity and saturation we will give a

relation betweena bigraded ideal I in a bigraded ring R being (p;p0)-regular and

the dimensionof dim(R=I )p;p0. This work is a modi�ed versionof Cox, Bus�e, and

D'Andrea [6]. Recently, Cox and Schenck [11] have shown that the module of

syzygiesvanishing at V(I ) is generatedby the Koszul syzygiesif and only if V(I )

is a local complete intersection. We will extend these theoremsto the bigraded

case.

Implicitization: In Chapter 4, we give the main result of the dissertation.Wewill

prove that the algorithm conjecturedby Cox [9] for producing the implicit equation

of a rational surfacefrom a parametrization � : P 1 � P1 ! P3 with basepoints

via syzygiesis valid. The key to the syzygy method is �nding a squarematrix

M , in which the rows are formed by the coe�cien ts of certain moving planesand

14



moving quadrics.The degreeof the determinant of the matrix M is the degreeof

the surface.The conditions for �nding the appropriate number of moving planes

and moving quadricsof a certain degreeare basedon properties of the regularity

and the saturation of the bigraded ideal I = ha;b;c;di . In order to prove that

the method will producethe implicit equation, we will alsoneedto show that the

determinant of the matrix M does not vanish identically. The syzygy algorithm

for �nding implicit equationsof parametric surfaceswith basepoints usessmaller

determinants than resultants.

15



2. Casteln uovo-Mumford Regularit y in
Bipro jectiv e Spaces

2.1 In tro duction

In chapter 14 of [30] Mumford introducedthe conceptof regularity for a coherent

sheafF on projective spacePn : F is p-regular if, for all i � 1 we have vanishing

for the twists

Hi (Pn ; F (k)) = 0; for all k + i = p:

This in turn implies the stronger condition of vanishing for k + i � p. Regularity

was investigated later by several people,notably Bayer and Mumford [1], Bayer

and Stillman [2], Eisenbud and Goto [16], and Ooishi [33]. Let R = K [x0; :::; xn ] be

the polynomial algebrain n + 1 variablesover a �eld K , gradedin the usual way.

If M is a �nitely generatedgraded R-module, then the local cohomologygroups

H i
m (M ) with respect to the ideal m = (x0; :::; xn ) are gradedin a natural way and

we say that M is p-regular if

H i
m (M )k = 0 for all k + i � p + 1:

If F is the coherent sheafon P n associated with M in the usual way, we have

H i +1
m (M )k = Hi (Pn ; F (k)) for all i � 1;

which shows the compatibilit y of thesede�nitions (see[41, Lemma 1.8]). An im-

portant result in this theory is:

Theorem 2.1.1. (see [1, De�nition 3.2]) Suppose K is a �eld and I � R is a

graded ideal. Then I is p-regular if and only if the minimal free graded resolution

of I has the form

0 � � � !
r sM

� =1

Re�;s � � � ! � � � � � � !
r 1M

� =1

Re�; 1 � � � !
r 0M

� =1

Re�; 0 � � � ! I � � � ! 0
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where deg(e�;i ) � p + i for all i � 0.

The conditions of p-regularity can be derived quasi-axiomatically from the fol-

lowing considerations.One seeksa condition of the form:

H i
m (M )k = 0 all i � 0; all k 2 Ci (p) =) RsM p = M p+ s all s � 0; (2.1)

for certain regionsCi (p) � Z. One postulates:

1. For each i , the region Ci (p) is independent of the number n + 1 of variables.

2. If M is p-regular in the senseof the left-hand sideof (2.1), then for a generic

linear form x 2 R1, �M = M =xM is p-regular over �R = R=xR.

First, when n + 1 = 0, that is, we are consideringgradedK -modules, sincem =

(0), we have H 0
m (M ) = M , and since Rs = 0 for s � 1, property (2.1) forces

M k = H 0
m (M )k = 0 for k � p + 1 in this case,so we set C0 = f k : k � p + 1g. By

principle 1., this must hold for all n. Assuming that m =2 Ass(M ) whereAss(M )

denotesthe associated primes for M , and K is in�nite, then x may be chosenso

that we have an exact sequence

0 � � � ! xM = M (� 1) � � � ! M � � � ! �M � � � ! 0

which givesrise to the long exact sequencein cohomology. We have

H 0
m (M )k � � � ! H 0

�m

� �M
�

k
� � � ! H 1

m (M (� 1))k = H 1
m (M )k� 1 :

In order that we have H 0
�m

� �M
�

k
= 0 for k � p+ 1, as is demandedby principle 2.,

we must have H 1
m (M )k = 0 for k � p. In a similar way, we obtain the vanishing

region for H 2
m (M )k from that of H 1

m (M )k , etc., and we �nd that they are exactly

the conditions of p-regularity given. Of course,one deducesproperty (2.1) from

the de�nition of p-regularity, by induction on the number of variablesn + 1, by a

reversalof the above steps.
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The other essential feature of p-regularity is that

3. R is 0-regular.

Note: H i (Pn ; O(k)) = 0 for all i � 1 and i + k � 0. This follows from Serre's

calculations of the cohomologyof the invertible sheaves O(k) on P n ([38]), as

reinterpreted by Grothendieck in the languageof local cohomology(combine [19,

Prop. (2.1.5)] with [20, Exp. I I, Prop. 5]).

Our de�nition of regularity for bigraded modules follows this pattern. Let R =

K [x; y] = K [x0; :::; xm ; y0; :::; yn ], which is bigraded in the usual way. Let m =

(xy) = (x i yj ) be the irrelevant ideal. We seekregions Ci (p;p0) � Z2 with the

property that

H i
m (M )k;k0 = 0; 8i � 0; 8(k; k0) 2 Ci (p;p0) (2.2)

+

Rs;s0M p;p0 = M p+ s;p0+ s0; 8s;s0 � 0

One postulatesthe analogsof 1. and 2. above. For 2. we needregularity for both

M =xM and M =yM for genericx 2 R1;0 and y 2 R0;1. This leadsto regionscalled

Regi � 1(p;p0) (the shift i ! i � 1 is explainedlater). We are able to prove analogs

in this setting of many of the classicalresultsof regularity for gradedmodules(see

Theorem 2.3.4 and Proposition 2.3.5). Actually, we �rst do a separatetreatment

for sheaves, the way Mumford did (Propositions 2.2.7 and 2.2.8). However, in

attempting to generalizeTheorem2.1.1to a structure theoremfor free resolutions

for bigradedmodules,the conditions we have proposedare seento be inadequate.

Therefore, we de�ne a new concept of strong regularity and prove that it does

indeed give the structure theorem that we want (Theorem 2.4.10). This involves

vanishingconditionson H �
I (M ) for each of the three idealsI = (x); (y); (x; y). The
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previous notion of regularity is now called weak regularity. We show that strong

regularity implies weak regularity, and that R itself is strongly (0; 0)-regular. As

far aswe candetermine,there is no simplevanishingcondition for H �
(xy ) (M ) alone

that implies the structure theoremthat we want.

In the last sectionwe write down a free resolution that permits computation of

H i
m (M ). We will alsogive an exampleto show that weakly regular doesnot imply

strongly regular.

2.2 Regularit y for Coheren t Sheaves

First, we will give the de�nition and someproperties of regularity of a coherent

sheaf similar to the treatment of Mumford [30, Ch. 14]. Let K be a �eld, and

R = K [x0; � � � ; xm ; y0; � � � ; yn ] be the polynomial ring, bigraded with variables x

having bidegree(1; 0) and variablesy having bidegree(0; 1). We let

m = R+ =
M

a> 0;b> 0

Ra;b;

be the irr elevant ideal. Some of the general theory of graded and multigraded

algebrasusedherecan be found in [17], [18].

Let X = Pm � Pn , which when regardedasa scheme,is Proj (R), whereby def-

inition, this is the set of bigradedprime idealsp that do not contain the irrelevant

ideal m. There are projections p1 and p2 of X onto its two factors. If F 1 is a sheaf

of OP m -modules,and F 2 is a sheafof OP n -modules,we denote

F1 � F2 = p�
1F1 
 p�

2F2; an OX -module:

As in the usualcaseof projective spacethere is a functor M ! ~M from bigraded

R-modulesto quasi-coherent sheaveson X , and every quasi-coherent sheafF arises

this way, in a nonunique fashion. In fact, if

M =
M

(a;b)2 Z2

H0 (X ; F (a;b))
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then F �= ~M . Here, for any sheafof OX -modulesF , we denote

F (a;b) = F 
 OX (a;b)

whereOX (a;b) = OP m (a) � OP n (b) is the invertible sheafassociated to the graded

R-module R(a;b). Recall that if M is any gradedR-module, M (a;b) is the graded

module with degreesshifted via M (a;b)d;e = M d+ a;e+ b. If Z is a scheme, tensor

products involving OZ -modules will always be relative to OZ unless otherwise

stated.

When m � 1, and n � 1, the Picard group Pic(X ) is isomorphic with Z2 with

(a;b) corresponding to OX (a;b). Interpreting the Picard group as the group of

divisor-classes,OX (a;b) corresponds to the divisor aL1 + bL2, where L 1 = H1 �

Pn , H1 � Pm being any hyperplane, and L 2 = Pm � H2, H2 � Pn being any

hyperplane.

Note the specialcase:if m or n is 0, the biprojectivespacereducesto a projective

space.Except in the casewhereboth are 0, the Picard group Pic(X ) is isomorphic

with Z. If both are 0, the spacereducesto a point, and its Picard group is trivial.

Even in thesedegeneratecaseswe still usenotations such asF (a;b), whereoneor

other twisting by a or b might be trivial.

De�nition 2.2.1. For each integer i > 0, let

St i = f (r; s) 2 Z2 : r + s = � i � 1; r < 0; s < 0g

= f (� i; � 1); (� i + 1; � 2); : : : ; (� 2; � i + 1); (� 1; � i )g:

For i � 0, let

St i = f (r; s) 2 Z2 : r + s = � i; r � 0; s � 0g

= f (� i; 0); (� i � 1; 1); : : : ; (1; � i � 1); (0; � i )g:
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For each (p;p0) 2 Z2 let St i (p;p0) = (p;p0) + St i .

For i � 0, let Regi (p;p0) = Z2
+ + St i (p;p0) whereZ+ = f n 2 Z : n � 0g.

For i = � 1, let Reg� 1(p;p0) = Z2
+ + (p + 1; p0+ 1).

Let Reg0
� 1(p;p0) = (p + 1; p0) + Z2

+ .

Let Reg00
� 1(p;p0) = (p;p0+ 1) + Z2

+ .

For i � 0, de�ne DRegi (p;p0) = Z2
� + St � i (p;p0) whereZ � = f n 2 Z : n � 0g.

Note that, for all i � � 1,

Regi (p;p0) = Z2 \ f (x; y) 2 R2 j x � p � i; y � p0 � i; x + y � p + p0 � i � 1g

and, for all i � 0,

DRegi (p;p0) = � Regi +1 (� p + 1; � p0+ 1)

Remark 2.2.2. For i � 0, and for all p;p0, we have

1. (k; k0) 2 St i (p;p0) ) (k � 1; k0); (k; k0 � 1) 2 St i +1 (p;p0).

2. St i (p;p0) 2 Regi (p;p0).

3. (k; k0) 2 Regi (p;p0) ) (k � 1; k0); (k; k0 � 1) 2 Regi +1 (p;p0).

4. Regi (q; q0) � Regi (p;p0), if q � p;q0 � p0.

5. (k; k0) 2 Reg0
� 1(p;p0) =) (k � 1; k0) 2 Reg0(p;p0).

6. (k; k0) 2 Reg00
� 1(p;p0) =) (k; k0 � 1) 2 Reg0(p;p0).

Figure 1. and Figure 2. are pictures for Regi (p;p0) and DRegi (p;p0):

Using thesenotations, we make the following de�nition.

De�nition 2.2.3. Let F be a coherent sheafon X . We will say that F is (p;p0)-

regular if, for all i � 1,

H i (X ; F (k; k0)) = 0
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FIGURE 2.1. Regi (p;p0)

whenever (k; k0) 2 St i (p;p0).

Remark 2.2.4. If n = 0, Pm � P0 �= Pm , so every coherent sheafon Pm � P0 is

naturally identi�ed with a sheafon P m . The sheafF (p;p0) is independent of p0.

Under this identi�cation, F is (p;p0)-regular on Pm � P0 in the senseof De�nition

2.2.3, if and only if F is p-regular on P m in the senseof Mumford.

Proof. First, we will show that (p;p0)-regular implies p-regular.

In this case,F (k; k0) �= F (k). F is (p;p0)-regular meansthat for all i � 1,

H i (Pm � P0; F (k; k0)) = H i (Pm ; F (k)) = 0;

wherep � i � k � p � 1. Sincek + i � p, accordingto [30, p. 100],F is p-regular.

Second,we will show that F is p-regular implies (p;p0)-regular.

If F is p-regular, then H i (Pm ; F (k)) = 0 whenever k + i � p, this implies

H i (Pm � P0; F (k; k0)) = 0
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FIGURE 2.2. DRegi (p;p0)

for any k0 2 Z. In particular, H i (Pm � P0; F (k; k0)) = 0 for all (k; k0) 2 St i (p;p0).

Therefore,F is (p;p0)-regular.

Prop osition 2.2.5. OX is (0; 0)-regular.

Proof. If m or n = 0, by the previous remark, OX is (0; 0)-regular , OX is 0-

regular. But OP m is 0-regularsince

Ha (Pm ; OP m (k)) = 0; if a � 1 and a + k � 0 (2.3)

H0 (Pm ; OP m (k)) = 0; if k � � 1: (2.4)

Theseformulasarea consequenceof Serre'sresultson the cohomologyof projective

space.[21]

If m and n � 1, we can apply the K•unneth formula [35],

Hi (X ; OP m (k) � OP n (k0)) =
M

a+ b= i

Ha (Pm ; OP m (k)) 
 Hb (Pn ; OP n (k0)) :
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We will show that Ha (Pm ; OP m (k)) = 0 or Hb (Pn ; OP n (k0)) = 0 whenever a+ b=

i and (k; k0) 2 St i (0; 0). If (k; k0) 2 St i (0; 0), then k = � i + l and k0 = � 1� l where

0 � l � i � 1. If a = 0 or b = 0, we are doneby Equation (2.4), sincek; k0 < 0. If

a > 0, and b > 0, we only needto show a � i + l � 0 or b � 1 � l � 0. Suppose

both a � i + l � � 1 and b� 1 � l � � 1. Sincea + b= i ,

� 1 = (a � i + l) + (b� 1 � l) � � 2:

This contradiction shows that either a � i + 1 � 0 or b� 1 � l � 0, and the proof

is completedby Equation (2.4).

Lemma 2.2.6. Assumethat K is in�nite, and that m � 1. Let F be a coherent

sheaf on X . Let L 1 be a hyperplanede�ned by
P m

i=0 ai x i = 0, and let F L 1 = F 
 OL 1

denotethe sheaf F restricted to L 1. If F is (p;p0)-regular, then F L 1 is (p;p0)-regular

for a genericL 1. The similar statementis true for hyperplanesL 2 de�ned bya form
P n

i=0 bi yi = 0 assumingn � 1.

Proof. GivenF , choosea hyperplaneL 1, whereL 1 is de�ned by an equationof the

form f =
P m

i=0 ai x i = 0, such that L 1 doesnot contain any of points of the �nite

set of associated primes A(F ) (for the de�nition of this, see[30, p.40]). Note that

this is possible:A(F ) is �nite, and becauseK is in�nite, we can �nd a linear form

missingthe p1-projections of the associated primes. Tensorthe exact sequence

0 � � � ! OX (� 1; 0)
f

� � � ! OX � � � ! OL 1 � � � ! 0

with F (k; k0). For all x 2 X , multiplication by f is injective in F x , since by

construction, f is a unit at all associated primes of F x . Therefore the resulting

sequenceis exact:

0 � � � ! F (k � 1; k0)
f

� � � ! F (k; k0) � � � ! F 
 OL 1 (k; k0) = FL 1 (k; k0) � � � ! 0

(2.5)
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This givesan exact cohomologysequence:

� � � � � � ! H i (F (k; k0)) � � � ! H i (FL 1 (k; k0)) � � � ! H i +1 (F (k � 1; k0)) � � � ! � � �

Note, H i (F ) = H i (X ; F ). If (k; k0) 2 St i (p;p0), then (k � 1; k0) 2 St i +1 (p;p0) by

Remark 2.2.2, and the �rst and the last groups vanish when i � 1, sincewe are

assumingthat F is (p;p0)-regular. This forces the secondgroup to vanish, thus

proving that F L 1 is (p;p0)-regular.

Prop osition 2.2.7. If F is a (p;p0)-regular coherent sheaf on X = Pm � Pn , then

for all i � 1,

H i (X ; F (k; k0)) = 0 (2.6)

whenever(k; k0) 2 Regi (p;p0). That is, F is (q; q0)-regular for q � p; q0 � p0.

Proof. We will prove (2.6) by double induction on (m; n). If m = 0 or n = 0, by

Remark 2.2.4(p;p0)-regularity reducesto ordinary p-regularity or p0-regularity for

projective space,and (2.6) is true by Mumford's result [30]. So assumem � 1

and n � 1. Every element of Regi (p;p0) is of the form (k + r; k0 + s) for some

(k; k0) 2 St i (p;p0), and (r; s) � (0; 0). Now we will do double induction on the

pair (r; s). The case(r; s) = (0; 0) is true by assumption of (p;p0)-regularity for

F . Choosea hyperplane L 1 as in Lemma 2.2.6 such that F L 1 is (p;p0)-regular.

Considerthe cohomologyexact sequenceattached to (2.5) with (k; k0) replacedby

(k + r + 1; k0+ s):

H i (F (k + r; k0+ s)) �� � �! H i (F (k + r + 1; k0+ s)) �� � �! H i (FL 1 (k + r + 1; k0+ s))

SinceFL 1 is (p;p0)-regular, and sinceL 1 is a biprojective spaceof lower dimension,

the induction hypothesissays that the right-hand term is 0. The left-hand sidealso

vanishes,by the induction hypothesison (r; s). Hencethe middle term vanishes,

as required. A symmetric argument shows vanishing for (k + r; k0+ s + 1).
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Prop osition 2.2.8. If F is a (p;p0)-regular coherent sheaf on X , then

H 0(X ; F (k; k0)) is spanned by

H 0(X ; F (k � 1; k0)) 
 H 0(X ; O(1; 0));

if k > p;k0 � p0 ; and it is spanned by

H 0(X ; F (k; k0 � 1)) 
 H 0(X ; O(0; 1));

if k � p;k0 > p0.

Proof. We useinduction on dim(X ): for dim(X ) = 0, the result is true. By Lemma

2.2.6,we know that F L 1 is (p;p0)-regular. Considerthe following diagram:

H 0(F (k � 1; k0)) 
 H 0(OX (1; 0)) �� � � ! H 0(FL 1 (k � 1; k0)) 
 H 0(OL 1 (1; 0))
?
?
y �

?
?
y �

H 0(F (k; k0)) �� � � ! H 0(FL 1 (k; k0))
x
?
? �

H 0(F (k � 1; k0))

If k > p and k0 � p0, � is surjective becauseF is (p;p0)-regular, and H 1(F (k �

2; k0)) = 0. � is surjective by induction hypothesis. � is also surjective, since

H 1(F (k � 1; k)) = 0.

Let t 2 H 0(F (k; k0)), we have � (t) = � (s) = � � (s0) for some

s 2 H 0(FL 1 (k � 1; k0)) 
 H 0(OL 1 (1; 0)); and s0 2 H 0(F (k � 1; k0)) 
 H 0(OQ(1; 0)):

We have � (� (s0)) = � (� (s0)) = � (t), and t � � (s0) 2 ker(� ). Sincethe last row of

the diagram is exact in the middle, so we have t0 2 H 0(F (k � 1; k0)) such that

� (t0) = t � � (s0). This says that H 0(F (k; k0)) is spannedby the imageof � and the

imageof � . But the imageof � is in H 0(F (k� 1; k0)) 
 H 0(O(1; 0)), becausethe map
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� is the multiplication by f , and f 2 H 0(O(1; 0)). This meansthat H 0(F (k; k0))

is spannedby

H 0(F (k � 1; k0)) 
 H 0(O(1; 0))

By symmetry, we can show that if k � p;k0 > p0, H 0(F (k; k0)) is spannedby

H 0(F (k; k0 � 1)) 
 H 0(O(0; 1)):

2.3 Weak Regularit y for Bigraded Mo dules

We will give the de�nition and somepropertiesof regularity for a bigradedmodule

similar to Ooishi [33] and Johnston and Katz [26]. Let A be a noetherian ring,

and let now R = � a;b� 0Ra;b be any bigraded ring over A, with R0;0 = A. We

assumethat it is �nitely generatedby homogeneouselements of bidegrees(1; 0)

and (0; 1). Such a ring will be called a bihomogeneous A-algebra. Previously we

consideredonly the caseof a polynomial ring in two setsof variablesover a �eld.

Let m = R+ = � a> 0;b> 0Ra;b be the irrelevant ideal; it is a bigraded R-module.

There is a schemeX = Proj (R), whosepoints are the bihomogeneousprime ideals

p of R that do not contain the irrelevant ideal. We also have a functor M ! ~M

from bigraded modules to quasicoherent OX -modules with similar properties to

those discussedin section 2.2. Let F be a quasicoherent OX -module. If we set

M = � a;b2 ZH 0(X ; F (a;b)), then we have F = ~M .

If R is a bigradedA-algebra,then it de�nes a gradedA-algebra

R]
n =

M

i + j = n

Ri;j

and similarly we have a gradedR] -module M ] associated to a bigradedR-module

M .

27



Let M = � a;b2 ZM a;b be a bigraded R-module. The local cohomologygroups

H i
m (M ) are bigraded R-modules, and let H i

m (M )a;b denote the (a;b) part. The

generaltheory of local cohomologyis found in [20]. Note that, if J � A is an ideal

in a ring, and V(J ) � C = Spec(A) is the corresponding closedsubset,then

H �
J (M ) = H �

V (J )

�
C; ~M

�

where ~M is the quasi-coherent sheafon C associated with the A-module M .

We have

H i
m (M )] = H i

m ]

�
M ]

�
; ie., H i

m ]

�
M ]

�
n

=
M

k+ k0= n

H i
m (M )k;k0

Generally we omit the ] from m and M , as it is clear in context that we are

referring to the graded,as opposedto the bigradedstructure.

We recall the following fact [41, Lemma 1.8]: Let R be any ring, I � R an ideal

and M an R-module. If Supp(M ) � V(I ) then

H 0
I (M ) = M ; and H i

I (M ) = 0 for i � 1:

Also, if R is Noetherian and M is �nitely generated,

Ass(M ) � Supp(M );

and both have the sameminimal elements where Ass(M ) denotesthe associated

primes of M , Supp(M ) denotesthe support of M . Ass(M ) is �nite.

We allow the casewhere Ra;b = 0 for all a > 0, or Ra;b = 0 for all b > 0. For

then m = 0, and thus for all R-modulesM ,

H 0
m (M ) = M ; and H i

m (M ) = 0 for i � 1:

since V(m) = Spec(R), so Supp(M ) � V(m) always holds. This extreme case

plays an important role in the proofsof the main theoremsabout regularity, which

are by induction on the number of variables.
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De�nition 2.3.1. We say that a bigraded R-module M is weakly (p;p0)-regular,

if for all i � 0,

H i
m (M )k;k0 = 0 for all (k; k0) 2 Regi � 1(p;p0)

The connectionwith the previous conceptof regularity for coherent sheaves is

establishedby the following:

Prop osition 2.3.2. (see [24]) Let X = Proj(R). For any �nitely generated bi-

graded R-module M we havean exactsequence of bigraded R-modules

0 �� � �! H 0
m (M ) �� � �! M �� � �!

M

(a;b)2 Z2

H 0(X ; M (a;b)) �� � �! H 1
m (M ) �� � �! 0

and an isomorphismof bigraded R-modules

H i +1
m (M ) =

M

(a;b)2 Z2

H i (X ; M (a;b)); 8i � 1

Corollary 2.3.3. Let ~M be the sheaf on X associated to the bigraded R-moduleM .

If M is weakly (p;p0)-regular, then ~M is (p;p0)-regular in the senseof de�nition

2.2.3. This explains the shift in index from i to i � 1 in the de�nition of weak

regularity for modules.

The main result for weak regularity is the following:

Theorem 2.3.4. Let R be a bihomogeneous A-algebra, M a �nitely generated

bigraded R-module. Fix (p;p0).

1. Supposethat H i
m (M )k;k0 = 0 for all i � 1 and all (k; k0) 2 St i � 1(p;p0), then

H i
m (M )k;k0 = 0 for all i � 1 and all (k; k0) 2 Regi � 1(p;p0)

2. Moreover,

a. if H 0
m (M )k;k0 = 0 for (k; k0) 2 Reg0

� 1(p;p0), then we haveRd;0M k;k0 =

M d+ k;k0 for every d � 0; k � p;k0 � p0;
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b. if H 0
m (M )k;k0 = 0 for (k; k0) 2 Reg00

� 1(p;p0), then we haveR0;d0M k;k0 =

M k;k0+ d0 for every d0 � 0; k � p;k0 � p0.

3. if M is weakly (p;p0)-regular, and if H 0
m (M )k;k0 = 0 for (k; k0) 2 Reg

0

� 1(p;p0)[

Reg
00

� 1(p;p0), then Rd;d0M k;k0 = M k+ d;k0+ d0 for all d;d0 � 0,

k � p;k0 � p0.

Proof. First, by the sameargument as in Ooishi [33, Theorem 2], we may reduce

to the casewhere A is a local ring with in�nite residue �eld, and assumethat

R = A[x0; � � � ; xm ; y0; � � � ; yn ], with irrelevant ideal m generatedby the x i yj . We

will prove the claim by induction on (m; n). If either m = � 1 or n = � 1 (i.e.,

either x or y variablesare missing), or if

Ass+ (M ) = f p 2 Ass(M ) : p + mg = ;

the claim is true: in the �rst casethe irrelevant ideal m = 0, so that the remark

before the statement of Proposition 2.3.2 applies; in the secondcase,we have

Supp(M ) � V(m). In either case,H 0
m (M ) = M and H i

m (M ) = 0 for every i � 1.

Supposethat both m � 0 and n � 0, and Ass+ (M ) = f p1; � � � ; p r g. By our

assumptions,A is a um-ring in the terminology of [34], and by theorem2.3 of that

paper we concludethat if we had an equality of A-modules

R1;0 = max(A)R1;0 [ (p1 \ R1;0) [ � � � [ (p r \ R1;0)

then R1;0 would have to be equal to oneof the terms in the union. It clearly is not

the �rst term. If, say R1;0 = p1 \ R1;0 we would have

m � (x0; :::; xm ) = R � R1;0 � p1

which is contrary to the fact that p1 does not contain m. Thus we can �nd an

element

x 2 R1;0 � max(A)R1;0 [ (p1 \ R1;0) [ � � � [ (p r \ R1;0)
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which we can take aspart of a freebasisof R1;0. Sincex =2 max(A)R1;0, the image

of x in R=max(A)R1;0 is non-zero.A non-zeroelement in a vector spacecan be

extendedto a basis, then by Nakayama's Lemma x is a free basis.By changeof

coordinate, we may assumethat x = xm .

(1.) Considerthe following exact sequence:

0 � � � ! M 1 � � � ! M x� � � ! xM (1; 0) � � � ! 0:

This implies:

H i
m (M 1) � � � ! H i

m (M ) � � � ! H i
m (xM (1; 0)) � � � ! H i +1

m (M 1): (2.7)

Sincex waschosennot to belongto any of the p i , Supp(M 1) � V(m), and soby the

remarksabove, the �rst and last terms above vanishwheni � 1, and soH i
m (M ) �=

H i
m (xM (1; 0)) for every i � 1. Set �R = R=xR = A[x0; � � � ; xm� 1; y0; � � � ; yn ],

�m = �R+ and �M = M =xM . From

0 � � � ! xM � � � ! M � � � ! �M � � � ! 0;

we have the exact sequence:

H i
m (M )k;k0 � � � ! H i

�m ( �M )k;k0 � � � ! H i +1
m (xM )k;k0 = H i +1

m (M )k� 1;k0: (2.8)

If (k; k0) 2 St i � 1(p;p0), then the �rst term is 0, by our assumptionon M .

Now assumethat i � 2. Then, (k � 1; k0) 2 St i (p;p0) by Remark 2.2.2, and so

the last term above is 0, alsoby our assumptionon M , sothat H i
�m ( �M )k;k0 = 0. By

induction hypothesisH i
�m ( �M )k;k0 = 0 for every i � 1 and (k; k0) 2 Regi � 1(p;p0). If

i � 2 and (k; k0) 2 St i � 1(p + 1; p0), then in the exact sequence

H i
m (M )k� 1;k0 = H i

m (xM )k;k0 � � � ! H i
m (M )k;k0 � � � ! H i

�m ( �M )k;k0 (2.9)

the �rst and last terms are 0 because(k � 1; k0) 2 St i � 1(p;p0) and (k; k0) 2

Regi � 1(p;p0), soH i
m (M )k;k0 = 0 wheni � 1 and (k; k0) 2 St i � 1(p+ 1; p0). Repeating
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the argument we get H i
m (M )k;k0 = 0 when i � 1 and (k; k0) 2 St i � 1(p + d;p0) for

every d � 0, and by symmetry, arguing with a y 2 R0;1, we get H i
m (M )k;k0 = 0

when i � 1 and (k; k0) 2 St i � 1(p + d;p0+ d0) for every d;d0 � 0, which is the �rst

claim for i � 2.

When i = 1, the only changesto make in the argument are the following. If

(k; k0) 2 St0(p;p0), then (k � 1; k0) 2 Reg1(p;p0), by Remark 2.2.2. But then

H 2
m (M )k� 1;k0 = 0 has been establishedby the argument in the previous para-

graph. Also, when (k; k0) 2 St0(p + 1; p0), we have (k � 1; k0) 2 St0(p;p0) and

(k; k0) 2 Reg0(p;p0), so that the �rst and last terms in the sequence(2.9) vanish

when i = 1, too.

(2a.) Let Ass+ (M ) = f p 2 Ass(M ) : p + mg. Supposem; n � 0 andAss+ (M ) =

f p1; � � � ; p r g. As before,we changecoordinatessothat x = xm =2 p i , for any i . Set

�R = R=xR = A[x0; � � � ; xm� 1; y0; � � � ; yn ], �m = �R+ and �M = M =xM . We claim

that the induction hypothesiscanbe applied to �M . First, by the argument proving

(1.), we saw that

H i
�m ( �M )k;k0 = 0 for i � 1 and (k; k0) 2 Regi � 1(p;p0):

From the sequence(2.8) above with i = 0, we seethat H 0
�m ( �M )k;k0 = 0 for every

(k; k0) 2 Reg0
� 1(p;p0), becausethe extremeterms vanish: the left-hand onebecause

of our assumptionon M , the right-hand one because(k � 1; k0) 2 Reg0(p;p0) by

Remark 2.2.2and vanishing of this term hasbeenestablishedabove. Thus by the

induction hypothesisapplied to �M , and wehave �Rd;0
�M k;k0 = �M d+ k;k0, which implies

Rd;0M k;k0 + xM d+ k� 1;k0 = M d+ k;k0. Reasoningby induction on d � 1, we assume

that M d+ k� 1;k0 = Rd� 1;0M k;k0 has been established,the cased = 1 being trivial.

Then

M d+ k;k0 = Rd;0M k;k0 + xM d+ k� 1;k0 = Rd;0M k;k0 + xRd� 1;0M k;k0 = Rd;0M k;k0:
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This proves our claim. By symmetry, arguing with a yn , we get the assertion

M k;d0+ k0 = R0;d0M k;k0.

(3.) This follows by repeatedapplication of (2a) and (2b).

For bigraded ideals in the polynomial ring R = K [x0; � � � ; xm ; y0; � � � ; yn ], we

have:

Prop osition 2.3.5. Let K be a �eld, let I � R be any ideal generated by bi-

homogeneous polynomials, let I be the corresponding sheaf of ideals in OX . The

following properties are equivalent.

I. The ideal I is weakly (p;p0)-regular in the senseof De�nition 2.3.1.

II. The natural map I p;p0 ! H 0(I (p;p0)) is an isomorphism and I is (p;p0)-

regular in the senseof De�nition 2.2.3.

III. The natural map I d;d0 ! H 0(I (d;d0)) is an isomorphism and I is (d;d0)-

regular, for all d � p;d0 � p0.

Proof. There is no loss in generality in assumingthat K is in�nite, becausewe

may tensor the whole situation by the algebraicclosureof K .

(I ) I I) If I is weakly (p;p0)-regular in the senseof De�nition 2.3.1,then we have

H i
m (I )k;k0 = 0 for (k; k0) 2 Regi � 1(p;p0) for i � 1. But for an ideal in a polynomial

ring, we also have H 0
m (I ) = 0, since there are no 0-divisors in the ring R. By

Proposition 2.3.2,H i (I (k; k0)) = H i +1
m (I )k;k0 = 0 for i � 1, (k; k0) 2 Regi (p;p0) for

i � 1; and I p;p0 �= H 0(I (p;p0)).

(I I ) I) If I is (p;p0)-regular in the senseof De�nition 2.2.3,then H i (I (k; k0)) =

0 for (k; k0) 2 Regi (p;p0), i � 1 by Proposition 2.2.7. I is an ideal, H 0
m (I ) = 0,

in particular, H 0
m (I )k;k0 = 0 for (k; k0) 2 Reg� 1(p;p0). Since I p;p0 �= H 0(I (p;p0)),

by Proposition 2.3.2and Proposition 2.2.8,we have H 1
m (I )k;k0 = 0 for all (k; k0) 2
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Reg0(p;p0), and H i +1
m (I )k;k0 = H i (I (k; k0)) = 0 for (k; k0) 2 Regi (p;p0), i � 1.

ThereforeH i
m (I )k;k0 = 0 for all (k; k0) 2 Regi � 1(p;p0), i � 0, i.e. I is weak (p;p0)-

regular in the senseof De�nition 2.3.1.

(I I ) I I I) follows from Proposition 2.2.7,and Proposition 2.2.8.

(I I I ) I I) is obvious, we just take d = p;d0 = p0.

2.4 Strong Regularit y for Bigraded Mo dules

From now on, K is a �eld and R = K [x0; � � � ; xm ; y0; � � � ; yn ] = K [x; y] is a poly-

nomial algebra, bigraded in the usual way. We will be using the ideals (x) =

(x0; � � � ; xm ), (y) = (y0; � � � ; yn ), (x; y) = (x0; � � � ; xm ; y0; � � � ; yn ), and (xy) =

m = (x i yj ).

In addition to the graded K [x; y]-module M ] introduced above, we need to

consider the following graded modules. Fix j 0, and let M [1]
j 0 = � j M j ;j 0, which is

a K [x] = K [x0; � � � ; xm ]-module; �x j , and let M [2]
j = � j 0M j ;j 0, which is a K [y] =

K [y0; � � � ; ym ]-module. Observe that

M =
M

j 0

M [1]
j 0 =

M

j

M [2]
j

as K [x]-module (resp. as K [y]-module). Also, each H i
(x)

�
M [1]

j 0

�
is a gradedK [x]-

module (resp. each H i
(y)

�
M [2]

j

�
is a gradedK [y]-module), but both H i

(x) (M ) and

H i
(y) (M ) are bigradedK [x; y]-modules.

H i
(x) (M ) =

M

j 0

H i
(x)

�
M [1]

j 0

�

H i
(y) (M ) =

M

j

H i
(y)

�
M [2]

j

�

H i
(x) (M ) j ;j 0 = H i

(x)

�
M [1]

j 0

�

j

H i
(y) (M ) j ;j 0 = H i

(y)

�
M [2]

j

�

j 0
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De�nition 2.4.1. Let M be a bigradedR-module and let d � 0.

I. M satis�es the vanishingcondition VCd(p;p0) if for all i � 0

H i
(x) (M )k;k0 = H i

(x)(M
[1]
k0 )k = 0; 8k � p + d + 1 � i; 8k0;

H i
(y) (M )k;k0 = H i

(y)(M
[2]
k )k0 = 0; 8k0 � p0+ d + 1 � i; 8k;

H i
(x;y )(M

] )k+ k0 = 0; 8k + k0 � p + p0+ d + 1 � i:

I I. M is strongly (p;p0)-regular if M satis�es VC0(p;p0).

Remark 2.4.2. For all p;p0, we have

1. If M satis�es VC0(p;p0), then M satis�es VCd(p;p0) for all d � 0.

2. If M satis�es VCd(p;p0), then M (a;b) satis�es VCd(p � a;p0 � b).

3. For all (� ; � 0) 2 DRegd(p;p0), if M satis�es VC0(� ; � 0), then M satis�es

VCd(p;p0).

Prop osition 2.4.3. Let R = K [x0; :::; xm ; y0; :::; yn ] be a bigraded polynomial al-

gebra over a �eld K . Assumethat m; n � 0. Then R is strongly (0; 0)-regular.

Proof. If R = K [z1; :::; zs] is any polynomial algebraover a �eld K , the relation-

ship between local cohomologyand sheaf cohomologytells us that H i
(z)(R)k =

H i � 1( ~R(k)) for i � 1. Since H i ( ~R(k)) = 0 for i + k � 1. Therefore we have

that H i
(z) (R)k = 0 whenever i + k � 1. This veri�es the vanishing statement for

H i
(x;y )(R

] )k+ k0 for R = K [x; y]. For the caseH i
(x)(R

[1]
k0 )k , note that

R[1]
k0 =

M

j � j= k0

K [x]y� :

As each term is a free module over K [x] and local cohomologycommutes with

direct sum, the requisite vanishing follows from Serre'sresult.
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Prop osition 2.4.4. If a bigraded R-module M satis�es VCd(p;p0), then

H i
(xy )(M )k;k0 = 0

for all (k; k0) 2 Reg0(p + d + 1 � i; p0 + d + 1 � i ); 0 � i � d + 2; and for all

(k; k0) 2 Regi � d� 1(p;p0); i > d + 2.

Proof. By the Mayer-Vietoris sequence,we have

H i
(x;y ) (M ) � � � ! H i

(x) (M ) � H i
(y) (M ) � � � ! H i

(xy ) (M ) � � � ! H i +1
(x;y ) (M )

(see[21, Exercise2.4, Ch. I I I, p. 212]; Note that if Y1 = V(x), Y2 = V(y), then

Y1 [ Y2 = V(xy) and Y1 \ Y2 = V(x; y) assubsetsof C = Spec(K [x; y]). ) Assuming

that M satis�es VCd(p;p0) we seethat H i
(xy )(M )k;k0 = 0 for all (k; k0) that satisfy

the inequalities:

k � p + d + 1 � i; k0 � p0+ d + 1 � i; k + k0 � p + p0+ d + 1 � (i + 1):

If 0 � i � d + 2 the last condition above is redundant, and sowe obtain vanishing

in the regiondescribed by the �rst two inequalities,which is just Reg0(p+ d+ 1�

i; p0+ d + 1 � i ). If i > d + 2, thesethree inequalitiesdescribe Regi � d� 1(p;p0).

Corollary 2.4.5. If M is strongly (p;p0)-regular, then it is weakly (p;p0)-regular.

Proof. We have H i
m (M )k;k0 = 0 for all (k; k0) 2 Regi � 1(p;p0), according to the

Proposition 2.4.4,whenever i � 2. For i = 0; 1, this is zero for (k; k0) 2 Reg0(p +

1 � i; p0 + 1 � i ), but these are exactly the regionsReg� 1(p;p0) and Reg0(p;p0).

Thus we have the conditions for weak (p;p0)-regularity.

Remark 2.4.6. If M is strongly (resp.weakly) (p;p0)-regular, then M (a;b) is strongly

(resp. weakly) (p � a;p0 � b)-regular.
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Prop osition 2.4.7. If a �nitely generated bigraded R-moduleM satis�es VCd(p;p0),

then M is generated by elementsof bidegree (k; k0) 2 DRegd(p;p0).

Proof. Let A be a homogeneousalgebra,(i.e.,for a ring R, a gradedring A is called

a gradedR-algebraif A0 = R, and A is calleda homogeneousR-algebraif A0 = R

and A is generatedby A1 over R.) (seeintroduction to [33]), with maximal ideal

P. If N is a �nitely generatedgraded module over A, then [33, Thm. 2] asserts

that if H i
P (N )k = 0 for all i + k � m + 1, then N is generatedby elements of

degrees� m.

We �rst apply this to the gradedmodule N = M ] over the gradedring A = R] .

SinceM satis�es VCd(p;p0), we have

H i
(x;y )(M

] )k+ k0 = 0; 8k + k0 � p + p0+ d + 1 � i

so that by the previous remark, M ] can be generatedby elements of degree�

p + p0+ d. This meansthat the bigraded M can be generatedby bihomogeneous

elements of bidegree(k; k0) with k + k0 � p + p0+ d. Now let A = K [x], and for a

�xed k0, regardN = M [1]
k0 asan A-module. That M satis�es VCd(p;p0) meanshere

that

H i
(x)(M

[1]
k0 )k = 0; 8k � p + d + 1 � i

and thus by Ooishi's result, that M [1]
k0 can be generatedas a K [x]-module by

elements of degree� p + d. This being true for every k0, we seethat

Rs;0M p+ d;k0 = M p+ d+ s;k0 for all s � 0; k0:

Similar reasoningapplied to M [2]
k as a K [y]-module leadsto

R0;sM k;p0+ d = M k;p0+ d+ s for all s � 0; k:
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Combining this information gives that M can be generatedby bihomogeneous

elements of degree(k; k0) where

k � p + d; k0 � p0+ d k + k0 � p + p0+ d

This is the description of the region DRegd(p;p0).

In the following context M d is a bigraded R module which satis�es VCd(p;p0),

note, the index d is not the degreeindex of the module. By Proposition 2.4.7,M d

is generatedby elements of bidegreedeg(e�;d ) = (� d; � 0
d) 2 DRegd(p;p0). We can

�nd an exact sequence:

0 � � � ! M d+1 � � � !
r dM

� =1

Re�;d
� d� � � ! M d � � � ! 0;

whereM d+1 = ker� d.

Prop osition 2.4.8. Let M d be as above. If M d satis�es VCd(p;p0), then M d+1

satis�es VCd+1 (p;p0), and are generated by elementsof bidegree in DRegd+1 (p;p0).

Proof. For the casei = 0, we have an injection

H 0
(x) (M d+1 )k;k0 �

r dM

� =1

H 0
(x)(R)k� � d ;k0� � 0

d
= 0;

sowe canassumethat i � 1. Considerthe local cohomologysequencewith I = (x)

of the above exact sequence:

H i � 1
I (M d)k;k0 � � � ! H i

I (M d+1 )k;k0 � � � !
r dM

� =1

H i
I (R)k� � d ;k0� � 0

d

Suppose that k + i � p + (d + 1) + 1. Then the left-hand side above vanishes

by assumption on M d, becausek + (i � 1) � p + d + 1. That (� d; � 0
d) belongs

to DRegd(p;p0) meansthat � d � p + d. Thus, k � � d + i � 2, and since R is

(0; 0)-regular by Proposition 2.4.3, the last term vanishes.
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By similar reasoning,we get the vanishing of H i
(y) (M d+1 )k;k0 for k0 + i � p0 +

(d + 1) + 1, for all k.

Now look at the local cohomologysequencewith I = (x; y). Again we may

assumethat i � 1. If (k; k0) satis�es k + k0+ i � p+ p0+ (d+ 1)+ 1, our assumption

on M d showsthe vanishingof the left-hand sidebecausek+ k0+ (i � 1) � p+ p0+ d+ 1.

That (� d; � 0
d) belongsto DRegd(p;p0) meansthat � d + � 0

d � p + p0 + d, so that

k+ k0� � d� � 0
d+ i � 2. Thusthe right-hand sidevanishesbecauseR is (0; 0)-regular.

In all three caseswe have veri�ed vanishing in the appropriate region to satisfy

VCd+1 (p;p0).

Conversely:

Prop osition 2.4.9. Let M d+1 be a �nitely generated bigraded R-module. If M d+1

satis�es VCd+1 (p;p0) and if there is an exactsequence:

0 � � � ! M d+1 � � � !
r dM

� =1

Re�;d
� d� � � ! M d � � � ! 0;

where M d+1 = ker� d, and deg(e�;d ) = (� d; � 0
d) 2 DRegd(p;p0), then M d satis�es

VCd(p;p0). Therefore M d is generated by elementsof bidegree in DRegd(p;p0).

Proof. Let I be any one of the ideals (x), (y), (x; y). Look at the segment of the

local cohomologysequenceassociated with the above exact sequence:

r dM

� =1

H i
I (R)k� � d ;k0� � 0

d
� � � ! H i

I (M d)k;k0 � � � ! H i +1
I (M d+1 )k;k0

Let I = (x). and supposek+ i � p+ d+ 1, wehavek+ (i + 1) � p+ (d+ 1)+ 1, and the

last group vanishesby assumptionon M d+1 . Also, in this region, k � � d + i � 1,

and the �rst term vanishesby Proposition 2.4.3. Therefore, H i
(x)(M d)k;k0 = 0 if

k + i � p + d + 1.

By similar reasoning,we obtain the vanishingof H i
(y)(M d)k;k0 if k0+ i � p0+ d+ 1.
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For I = (x; y), supposek + k0+ i � p + p0+ d + 1. We have k + k0+ (i + 1) �

p+ p0+ (d + 1) + 1, so that the last group vanishesby assumptionon M d+1 . Also,

because� d + � 0
d � p + p0+ d, we get k + k0 � � d � � 0

d � i � 1, last term vanishes

becauseR is (0; 0)-regular.Therefore,H i
(x;y )(M )k;k0 = 0 if k + k0+ i � p+ p0+ d+ 1.

In all three caseswe have veri�ed vanishing in the appropriate region to satisfy

VCd(p;p0).

We prove someequivalent conditions for regularity of a module similar to those

of Bayer, Mumford and Stillman (see[2] and [1]). In the formulation below, R is a

polynomial algebraover K in two setsof variablesx and y bigraded in the usual

way. We assumeboth variable setsare nonempty.

Theorem 2.4.10. Let M be a �nitely generated bigraded module over R. The

following properties are equivalent.

I. M is strongly (p;p0)-regular in the senseof de�nition 2.4.1.

II. The minimal resolution of M by free bigraded R = K [x; y]-modules:

0 � � � !
r sM

� =1

Re�;s � � � ! � � � � � � !
r 0M

� =1

Re�; 0 � � � ! M � � � ! 0;

satis�es deg(e�;d ) = (� d; � 0
d) 2 DRegd(p;p0):

III. There existsa free resolution with the properties above.

Proof. (I ) I I) Let M 0 = M . We will inductively construct a sequenceof bigraded

modulesM d that satisfy VCd(p;p0) and that �t into an exact sequence

0 � � � ! M d+1 � � � !
r dM

� =1

Re�;d
� d� � � ! M d � � � ! 0 (2.10)

wheredeg(e�;i ) = (� i ; � 0
i ) 2 DRegd(p;p0). By Proposition 2.4.8,weknow that M d+1

will satisfy VCd+1 (p;p0) and thereforewe can�nd generatorsfor it whosebidegrees
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are in DRegd+1 (p;p0). In other words, we may construct the above exact sequence

but with d replaced by d + 1. By Hilbert's syzygy theorem, M d will becomea

freebigradedmodule, with generatorsin DRegd(p;p0), and by splicing theseshort

sequencestogether, we get our resolution. We can start this induction at d = 0,

becauseby hypothesis, M = M 0 is strongly (p;p0)-regular, and by Proposition

2.4.7,we know M 0 is generatedby elements whosebidegreesare in DReg0(p;p0).

(I I ) I I I) is trivial.

(I I I ) I) Break the given resolution into short sequencesas in equation (2.10)

above. We will show by descendinginduction on d that M d satis�es VCd(p;p0).

Sincethe last stageof this, namely M 0, is the module M itself, we will be done,

sincethe condition VC0(p;p0) is exactly strong (p;p0)-regularity. The starting point

of the induction is the extreme left-hand term of the resolution M s = � r s
� =1 Re�;s .

BecauseR is (0; 0)-regular by Proposition 2.4.3,and becauseof Remark 2.4.2,we

seethat M s satis�es VCs(p;p0). If d < s and we assumeby induction that M d+1

satis�es VCd+1 (p;p0), from the exactsequence(2.10)and Proposition 2.4.9,we �nd

that M d satis�es VCd(p;p0), verifying the induction step.

Corollary 2.4.11. Any �nitely generated bigraded module over K [x; y] is (p;p0)-

regular for somep;p0.

Proof. Look at the minimal free bigraded resolution of M , which we know exists

and is unique up to isomorphism. Whatever are the bidegreesdeg(e�;d ) of the

generatorsof the variousterms in this, it is clearthat by taking p and p0 su�cien tly

large, for all d thesewill belongto the region DRegd(p;p0).

Remark 2.4.12. Let K be an in�nite �eld and let I � K [x0; y0; � � � ; yn ] be an ideal

such that I = xm
0 J where J � K [y0; � � � ; yn ] is a homogeneousideal. Then I is

strongly (p;p0)-regular if and only if p � m and J is p0-regular.
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Proof. SupposeJ is p0-regular and p � m, we would like to show that I is strongly

(p;p0)-regular. Let R = K [y0; � � � ; yn ], and take a minimal free resolution of J as

follows:

0 � � � !
r sM

� =1

Re�;s � � � ! � � � d1� � � !
r 0M

� =1

Re�; 0
d0� � � ! R � � � ! R=J � � � ! 0:

(2.11)

Since J is p0-regular, then we have deg(e�;i ) � p0 + i: Also, note the map di is

represented by a matrix. Sincethe free resolution is minimal, then the matrix has

no entry in K � whereK � = K n f 0g. [40, Proposition 11.5]

We can break this exact sequenceinto two exact sequences:

0 � � � ! Cn � � � ! � � � � � � ! C1 � � � ! ker(d0) � � � ! 0; (2.12)

and

0 � � � ! ker(d0) � � � !
r 0M

� =1

Re�; 0
d0� � � ! R � � � ! R=J � � � ! 0: (2.13)

If we let S = K [x0; y0; � � � ; yn ], we have

0 � � � ! ker(xm
0 d0) � � � !

r 0M

� =1

Se0
�; 0

d0� � � ! S � � � ! S=I � � � ! 0: (2.14)

If we tensor the exact sequence(2.12) with S over R, sinceS is 
at, then we

will have an exact sequence:

0 � � � ! Cn 
 S � � � ! � � � � � � ! C1 
 S � � � ! ker(d0) 
 S � � � ! 0: (2.15)

Note, at each stage,the matrix which represents the map hasno entry in K � . Since

ker(xm
0 d0) = S 
 R ker(d0), we can pieceexact sequence(2.14) and (2.15) together,

we will form a free resolution of I as follow:

0 �� � �! Cn 
 S � � � �� � �! C1 
 S �� � �!
r 0M

� =1

Se0
�; 0

d0�� � �! S �� � �! S=I �� � �! 0:

(2.16)
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This free resolution is minimal, sincethe matrix that represents the map has no

entry in K � . And we can rewrite the minimal free resolution (2.16) as follow:

0 � � � !
r sM

� =1

Se0
�;s � � � ! � � �

d0
1� � � !

r 0M

� =1

Se0
�; 0

d0
0� � � ! S � � � ! S=I � � � ! 0

(2.17)

where d0
0 = xm

0 d0, and d0
1 = d1, and deg(e0

�;i ) = (� m; deg(e�;i )). If m � p and

deg(e�;i ) � p0+ i , by the equivalent relation of minimal freeresolutionand strongly

(p;p0)-regular, we know that I is strongly (p;p0)-regular.

On the other hand, suppose I is strongly (p;p0)-regular, there is a minimal

free resolution of I as (2.17), where deg(e0
�;i ) = (a�;i ; deg(e�;i )) and a�;i � p and

deg(e�;i ) � p0 + i . Note, at each stage, the matrix representing the map has no

entry in K � . And we cansplit the freeresolution into two exact sequences:the free

resolution of I (2.14) and

0 � � � ! Dn
d0

n� � � ! � � � � � � ! D1
d0

1� � � ! ker(xm
0 d0) � � � ! 0; (2.18)

We always have a resolution of J as (2.13). Sinceker(xm
0 d0) = S 
 R ker(d0), we

will have an exact sequenceas follow:

0 � � � ! Cn
dn� � � ! � � � � � � ! C1

d1� � � ! ker(d0) � � � ! 0; (2.19)

wheredi = d0
i . We can piecethe two exact sequences(2.19) and (2.13) together to

get:

0 � � � ! Cn
dn� � � ! � � � � � � ! C1

d1� � � !
r 0M

� =1

Re�; 0
d0� � � ! R � � � ! R=J � � � ! 0;

which can be written as (2.11). Sincethe matrix representing di has no entry in

K � , the free resolution (2.11) is minimal, and deg(e�;i ) � p0 + i . According to

[1, De�nition 3.2], the existenceof a free resolution of this type implies that J is

p0-regular.
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Example2.4.13. This examplewill show that weaklyregulardoesnot imply strongly

regular. Let I = (s;u; t; v) � K [s;u; t; v]. V(I ) = ; � P 1 � P1. Let m =

(st; sv; tu; tv) be the irrelevant ideal of K [s;u; t; v]. As a sheaf ~I , is (0; 0)-regular,

i.e.

H i +1
m (I )k;k0 = H i ( ~I (k; k0)) = 0; 8k; k0 � 0; 8i � 1:

Also H 0
m (I ) = 0, and

H 1
m (I )k;k0 = (I m sat=I )k;k0 = (R=I )k;k0 = 0; 8k; k0 6= 0:

ThereforeI is weakly (0; 1)-regular or (1; 0)-regular. Also considerthe free resolu-

tion of I :

0 � � � ! R(� 2; � 2)
� 3� � � ! � R2(� 1; � 2) � R2(� 2; � 1)

� 2� � � !

R(0; � 2) � R4(� 1; � 1) � R(� 2; 0)
� 1� � � ! R2(0; � 1) � R2(� 1; 0)

� 0� � � ! I � � � ! 0

where� 0 is represented by the 1� 4 matrix [v; t; u; s], � 1 is represented by the 4� 6

matrix: 2

6
6
6
6
6
6
6
6
4

t u 0 s 0 0

� v 0 u 0 s 0

0 � v � t 0 0 s

0 0 0 � v � t � u

3

7
7
7
7
7
7
7
7
5

;

� 2 is represented by the 6 � 4 matrix:
2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

u s 0 0

� t 0 s 0

v 0 0 s

0 � t � u 0

0 v 0 � u

0 0 v t

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

;
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and � 3 is represented by the 4 � 1 matrix [s; � u; t; � v]T . Therefore,by Theorem

2.4.10, I is strongly (1; 1)-regular, and cannot be either strongly (0; 1) or (1; 0)-

regular becauseof the degreeshifts in the free resolution.
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3. Regularit y and Saturation in
Bipro jectiv e Spaces

3.1 Saturation and Regularit y

Let R = K [x0; � � � ; xm ; y0; � � � ; yn ] be a bigraded ring, with m; n � 1. Let X =

Pm � Pn . Let m = R+ = � k> 0;k0> 0Rk;k0 be the irrelevant ideal.

Let (x) = (x0; � � � ; xm ), (y) = (y0; � � � ; yn ), (xy) = m = (x i yj ), and (x; y) =

(x0; � � � ; yn ).

De�nition 3.1.1. If J � R is an ideal, then

I J sat = f r 2 R : J � r � I ; for some� 2 Ng =
1[

� =1

(I :R J � ):

An ideal I � R is called J-saturated if I = I J sat.

Remark 3.1.2. J1 � J2 ) I J2sat � I J1sat, and I J1sat \ I J2sat = I hJ1 ;J2 i sat. In partic-

ular, I (x)sat \ I (y)sat = I (x;y )sat :

Lemma 3.1.3. I is a proper J-saturated ideal if and only if J is not contained in

any associated primes of R=I .

Proof. (( ) We do the contrapositive, i.e. if I is not a proper J -saturated ideal,

then J � p for somep 2 Ass(R=I ) whereAss(R=I ) denotesthe associated primes

of R=I .

Let r 2 I J sat n I . r =2 I , but r J � � I for some� � 1. Choose� minimal. Let

J = ha1; � � � ; at i . Then ra� 2 I for all monomialsa� = a� 1
1 � � � a� t

t wherej� j = � .

Claim: there exists r 0 =2 I such that r 0J � I . Proof of claim: If � = 1, we take

r 0 = r . If � � 2, then there exists a monomial a
 with j
 j = � � 1 such that

r 0 = a
 =2 I ( for otherwise� would not be the minimal). But then ai r 0 2 I for all

i , i.e. r 0J � I .

By [37, Proposition 2, page8], we have J � p for somep 2 Ass(R=I ).
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() ) Let Ass(R=I ) = f p1; � � � ; p r g. SupposeJ is in an associated prime of R=I ,

say p1. Then J � p1 = (I : r ) for somer 2 R. This meansthat J r � I . SinceI is

J -saturated, we have r 2 I J sat = I . But if r 2 I , then we have (I : r ) = R, which

is contrary to (I : r ) = p1. Therefore,J is not in any associate primes of R=I .

Through this chapter wewill useJ to denoteany oneof the ideals(x); (y); (x; y); m.

De�nition 3.1.4. An ideal I � R is called saturated if I = I m sat, and we will

write I sat for I m sat.

De�nition 3.1.5. An ideal I � R is called p-saturated for (x) (resp. p0-saturated

for (y)) if and only if it satis�es the following conditions:

I (x)sat
k;k0 = I k;k0; 8k � p;8k0; ( resp. I (y)sat

k;k0 = I k;k0; 8k; 8k0 � p0):

De�nition 3.1.6. An ideal I � R is called strongly (p;p0)-saturated if and only if

it is both p-saturated for (x), and p0-saturated for (y).

De�nition 3.1.7. An ideal I � R is called weakly (p;p0)-saturated if and only if

it satis�es the following conditions:

I sat
k;k0 = I k;k0; 8k � p;8k0 � p0:

Remark 3.1.8. 8
>><

>>:

I (x)sat
k;k0 = I k;k0; 8k � p;8k0;

I (y)sat
k;k0 = I k;k0; 8k; 8k0 � p0;

Remark 3.1.9. 1. We have

H 0
J (R=I ) =

1[

�

(0 :R=I J � ) = f �r 2 R=I jJ � r � I g = I J sat=I :

Considerthe exact sequence

0 � � � ! I � � � ! R � � � ! R=I � � � ! 0
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which givesa long exact local cohomologysequence

H 0
J (I ) � � � ! H 0

J (R) � � � ! H 0
J (R=I ) � � � ! H 1

J (I ) � � � ! H 1
J (R):

Since R is an integral domain, and m; n � 1, we have depthJ R � 2, so

H 0
J (R) = H 1

J (R) = 0. Thus H 0
J (R=I ) = H 1

J (I ) = I J sat=I .

2. I is strongly (p;p0)-saturated if and only if

8
>><

>>:

H 1
(x)(I )k;k0 = 0; 8k � p;8k0;

H 1
(y)(I )k;k0 = 0; 8k; 8k0 � p0:

3. I is weakly (p;p0)-saturated if and only if H 1
m (I )k;k0 = 0 for all k � p;k0 � p0.

4. If I is strongly (resp.weakly) (p;p0)-regular, then I is strongly (resp.weakly)

(p;p0)-saturated. Any ideal I � R is strongly (p;p0)-saturated for somep;p0,

sinceit is strongly (p;p0)-regular for somep;p0. Therefore,we have

8
>><

>>:

I (x)sat
k;k0 = I k;k0; 8k � p;8k0;

I (y)sat
k;k0 = I k;k0; 8k; 8k0 � p0;

and I sat
k;k0 = I k;k0; 8k � p;8k0 � p0 for somep;p0:

Remark 3.1.10. If K is in�nite �eld, and (x) (resp. (y), resp.m) is not contained

in any associated primes of R=I , then there is a Zariski open densesubsetwith

elements h 2 R1;0, (resp. h0 2 R0;1, resp. h002 R1;1 ) which are not a zero divisor

on R=I .

Proof. Let Ass(R=I ) = f p1; � � � ; p r g. Supposeevery h 2 R1;0 is a zero divisor on

R=I . Sincethe set of 0-divisorsof R=I is the union of Ass(R=I ), we have

R1;0 = (p1 \ R1;0) [ � � � [ (p r \ R1;0)
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Sincea vectorspaceover the in�nite �eld K is not the union of �nitely many proper

subspaces,then R1;0 is equalto oneof the terms in the union. If say R1;0 = p1\ R1;0,

we would have

(x) = R � R1;0 � p1

which is contrary to the fact that p1 does not contain (x). Thus we can �nd an

element

h 2 R1;0 � ((p1 \ R1;0) [ � � � [ (p r \ R1;0)) = V:

Sinceeach p i is a proper closedsubsetof R1;0, V is a Zariski open densesubsetof

R1;0. By the similar reason,we can �nd h0 2 R0;1 and h002 R1;1 which is not zero

divisor on R=I .

De�nition 3.1.11. We that h 2 R is J -generic for I if and only if h is not a

0-divisor on R=I J sat, provided I J sat is a proper ideal in R. If I J sat = R, then every

element of R is J -genericfor I .

3.2 Criterion for Weak (p;p0)-Regularit y

Lemma 3.2.1. Let I � R be a proper m-saturated ideal, let h 2 R be bihomo-

geneuous.

1. If h is not a zero divisor on R=I , then (I : h) = I .

2. If h is a zero divisor on R=I , then there exist d;d0 such that (I : h)k;k0 6=

I k;k0; 8k � d and k0 � d0:

Proof. Since the �rst result is from the de�nition, we will just show the second

statement. If h is a zero-divisoron R=I , then we can choosef 2 (I : h) � I such

that f h 2 I , where f has bidegree(d;d0). By Lemma 3.1.3 and Remark 3.1.10,

we can �nd g 2 R1;1 with g not a 0-divisor on R=I , then gf 2 (I : h) � I .
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Iterating this process,we can �nd elements in (I : h)k;k0 which are not in I k;k0 for

all k � d;k0 � d0.

De�nition 3.2.2. For j > 0 de�ne Uj (I ) to be the subset

f (h1; � � � ; hj ) 2 Rj
1;1jh1 is m-generic for I ; hi is m-generic for (I ; h1; � � � ; hi � 1); 2 � i � j g

of Rj
1;1. SinceK is in�nite, by Remark 3.1.10the set of h 2 R1;1 which are m-

genericfor I form a non-empty Zariski open set of R1;1. Uj (I ) is a non-empty open

subsetof Rj
1;1.

Lemma 3.2.3. Let I � R be an ideal, let h 2 R1;1. The following are equivalent.

1. (I : h)k;k0 = I k;k0 8k � p;8k0 � p0;

2. I is weakly (p;p0)-saturated, and h is m-generic for I .

Proof. (1: ) 2:) Let d � p;d0 � p0. Supposef 2 I sat
d;d0 � I d;d0. We know that I sat

k;k0 =

I k;k0 for k; k0 � 0. Let � 2 N and � � 1 be the minimal number such that h� f 2 I .

Then h� � 1f 2 (I : h)d+ � � 1;d0+ � � 1 = I d+ � � 1;d0+ � � 1, sinced+ � � 1 � p;d0+ � � 1 � p0,

and (I : h)k;k0 = I k;k0 when k � p;k0 � p0. Thereforeh� � 1f 2 I , which is contrary

to the minimalit y of � . Therefore I sat
k;k0 = I k;k0 for all d � p;d0 � p0. By De�nition

3.1.4, I is weakly (p;p0)-saturated. By Lemma 3.2.1,h is m-genericfor I .

(2: ) 1:) If I sat = R, and I is weakly (p;p0)-saturated, then we have

(I : h)k;k0 = (I sat : h)k;k0 = (R : h)k;k0 = Rk;k0 = I sat
k;k0 = I k;k0; 8k � p;8k0 � p0:

If I sat 6= R, and I is weakly (p;p0)-saturated, then

(I : h)k;k0 = (I sat : h)k;k0 = I sat
k;k0 = I k;k0; 8k � p;8k0 � p0:

Lemma 3.2.4. Let I � R with dim R=I = 0, the following are equivalent:
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1. I is weakly (p;p0)-saturated.

2. I is weakly (p;p0)-regular.

3. I k;k0 = Rk;k0 8k � p;8k0 � p0.

Proof. (1: , 3:) Obvious. (2: ) 1:) By Remark 3.1.9. (1: ) 2:) If dim R=I = 0,

then H i
m (R=I ) = 0 for i � 1. Considerthe following exact sequence:

0 � � � ! I � � � ! R � � � ! R=I � � � ! 0:

The cohomologysequencewill be:

H i � 1
m (R=I ) � � � ! H i

m (I ) � � � ! H i
m (R) � � � ! H i

m (R=I ):

If i � 2, then H i
m (I ) = H i

m (R). If i = 1, then H 1
m (I ) = I sat=I . If i = 0, then

H 0
m (I ) = 0. SinceR is (0; 0)-regular, we have H i

m (I )k;k0 = H i
m (R)k;k0 = 0 for all

(k; k0) 2 Regi � 1(0; 0). I is weakly (p;p0)-saturated, H 1
m (I )k;k0 = I sat

k;k0=Ik;k0 = 0 for

all (k; k0) 2 Reg0(p;p0). Therefore,we have the following:

H i
m (I )k;k0 = 0; 8(k; k0) 2 Regi � 1(p;p0):

Thus, I is weakly (p;p0)-regular.

Lemma 3.2.5. Let I � R be an ideal, let h 2 R1;1 be m-generic for I and

Q = (I : h)=I . If I is weakly (p;p0)-saturated, then Supp(Q) � V(m) where

Supp(Q) is the support of Q and V(m) � SpecR.

Proof. We prove the following 2 claims:

Claim 1: Ass(Q) � V(m).

Proof of claim 1: Supposenot, then there exist p 2 Ass(Q) n m, and t 2 m n p.

Qp = f q
s : s =2 pg and

q
s

s 0 , 9v 2 p such that vq = 0:
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Since I is weakly (p;p0)-saturated, we can take v = t � 2 m n p for some� big

enough.This is contrary to p 2 Ass(Q). ThereforeAss(Q) � V(m).

Claim 2: Supp(Q) � V(m):

Proof of claim 2: Let P 2 Supp(Q). SinceAss(Q) and Supp(Q) contains the same

minimal elements, P contains a minimal element p 2 Ass(Q). Thus m � p � P:

ThereforeSupp(Q) � V(m).

Lemma 3.2.6. Let I � R be an ideal. Supposethat h 2 R1;1 is m-generic for I .

The following are equivalent.

1. I is weakly (p;p0)-regular.

2. I is weakly (p;p0)-saturated, and (I ; h) is weakly (p;p0)-regular.

Proof. We start with someinformation before we prove the equivalent relations.

SupposeI is weakly (p;p0)-saturated. Let Q = (I : h)=I , we have

0 � � � ! I � � � ! (I : h) � � � ! Q � � � ! 0:

By Lemma 3.2.5, Supp(Q) � V(m), thus H i
m (Q) = 0 for all i � 1. H 0

m (Q) = Q.

We have an exact local cohomologysequence:

H i � 1
m (Q) � � � ! H i

m (I ) � � � ! H i
m (( I : h)) � � � ! H i

m (Q):

If i � 2, then H i
m (I ) �= H i

m (I : h).

If i = 1, then Q � � � ! H 1
m (I ) � � � ! H 1

m (I : h) � � � ! 0; and H 1
m (I : h)k;k0 �=

H 1
m (I )k;k0, 8k � p;8k0 � p0. If i = 0, then H 0

m (I ) = H 0
m (( I : h)) = 0. Therefore,

we have the following cohomologyrelations:
8
>>>>>><

>>>>>>:

H i
m (I : h)k;k0 �= H i

m (I )k;k0; 8i � 2;

H 1
m (I : h)k;k0 �= H 1

m (I )k;k0; 8k � p;k0 � p;

H 0
m (I : h)k;k0 �= H 0

m (I )k;k0 = 0:

(3.1)
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(1: ) 2:) Suppose I is weakly (p;p0)-regular; by Remark 3.1.9, I is weakly

(p;p0)-saturated. We will show that (I ; h) is weakly (p;p0)-regular. Consider

0 � � � ! I \ (h) � � � ! I � (h) � � � ! (I ; h) � � � ! 0:

SinceI \ h = (I : h) � h, and h 2 R1;1, we have

0 � � � ! (I : h)( � 1; � 1) h� � � ! I � (h) � � � ! (I ; h) � � � ! 0:

This gives

H i
m (I � (h))k;k0 � � � ! H i

m (( I ; h))k;k0 � � � ! H i +1
m (( I : h))k� 1;k0� 1:

I is weakly (p;p0)-regular implies that I is weakly (p;p0)-saturated. According to

the cohomologyrelations (3.1), and I being weakly (p;p0)-regular, we have

H i +1
m (I : h)k� 1;k0� 1

�= H i +1
m (I )k� 1;k0� 1 = 0; 8(k; k0) 2 Regi (p � 1; p0 � 1):

SinceH i
m (I � (h))k;k0 �= H i

m (I )k;k0 � H i
m ((h))k;k0, and the fact that (h) �= R(1; 1)

is (1; 1)-regular, we have

H i
m (I � (h))k;k0 = 0; 8(k; k0) 2 Regi � 1(p;p0):

SinceRegi � 1(p;p0) � Regi (p � 1; p0 � 1), we must have

H i
m (( I ; h))k;k0 = 0; 8(k; k0) 2 Regi � 1(p;p0):

Therefore(I ; h) is weakly (p;p0)-regular.

(2: ) 1:) Suppose(I ; h) is weakly(p;p0)-regular,and I is weakly(p;p0)-saturated.

From

0 � � � ! (I : h)( � 1; � 1) h� � � ! I � (h) � � � ! (I ; h) � � � ! 0;

we have

H i � 1
m (( I ; h))k;k0 ! H i

m (( I : h))k� 1;k0� 1 ! H i
m (I � (h))k;k0 ! H i

m (( I ; h))k;k0:
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Since(I ; h) is weakly (p;p0)-regular, we have

H i � 1
m (( I ; h))k;k0 = H i

m (( I ; h))k;k0 = 0; 8(k; k0) 2 Regi � 2(p;p0):

Thereforewe have

H i
m (( I : h))k� 1;k0� 1

�= H i
m (I � (h))k;k0; 8(k; k0) 2 Regi � 2(p;p0):

SinceI is weakly (p;p0)-saturated, we have the cohomologyrelations (3.1). This

says that

H i
m (I )k� 1;k0� 1

�= H i
m (I � (h))k;k0; 8(k; k0) 2 Regi � 2(p;p0):

Sinceany ideal I is (d;d0)-regular for somed;d0 � 0 by Remark 3.1.9, we have

H i
m (I )k;k0 = 0 for k; k0 � 0. Therefore,

H i
m (I )k� 1;k0� 1 = 0; 8(k; k0) 2 Regi � 2(p;p0):

But for every (k � 1; k0� 1) 2 Regi � 1(p;p0) wehave (k; k0) 2 Regi � 1(p+ 1); (p+ 1) �

Regi � 2(p;p0). Therefore,I is (p;p0)-regular.

Theorem 3.2.7. Criterion for weak (p;p0)-regularity

Let I � R be a bigraded ideal. The following are equivalent:

1. I is weakly (p;p0)-regular.

2. Let r = dim R=I where dim R=I refers to the Krul l dimension of R=I , then

for all h1; � � � ; hr 2 Ur (I ), and all k � p;k0 � p0,

(( I ; h1; � � � ; hi � 1) : hi )k;k0 = (I ; h1; � � � ; hi � 1)k;k0; i = 1; � � � ; r ;

and

(I ; h1; � � � ; hr )k;k0 = Rk;k0:

Note, whenr = 0 this means that

I k;k0 = Rk;k0:
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3. If r = dim R=I , there existh1; � � � ; hr 2 Ur (I ), suchthat for all k � p;k0 � p0,

(( I ; h1; � � � ; hi � 1) : hi )k;k0 = (I ; h1; � � � ; hi � 1)k;k0; i = 1; � � � ; r ;

and

(I ; h1; � � � ; hr )k;k0 = Rk;k0:

Note, whenr = 0 this means that

I k;k0 = Rk;k0:

Proof. (2: ) 3:) This is obvious.

(3: ) 1:) We prove this by induction on r . If r = 0, I k;k0 = Rk;k0 for all k �

p;k0 � p0. I is weakly (p;p0)-regular by Lemma 3.2.4.By the induction hypothesis

(I ; h1) is weakly (p;p0)-regular, and (I : h1)k;k0 = I k;k0 for all k � p;k0 � p0. By

Lemma 3.2.3,we have I is weakly (p;p0)-saturated. By Lemma 3.2.6, I is weakly

(p;p0)-regular.

(1: ) 2:) We prove this by induction on r . If r = 0, By Lemma 3.2.4 I k;k0 =

Rk;k0 for all k � p;k0 � p0: Let (h1; � � � ; hr ) 2 Ur (I ). By Lemma 3.2.6, (I ; h1) is

weakly (p;p0)-regular. By the induction hypothesis, (2.) holds. By construction,

(h2; � � � ; hr ) 2 Ur � 1(I ; h). Since(I ; h) is weakly (p;p0)-regular, it follows from the

induction hypothesis for (I ; h1) that the remaining equalities holds. By Remark

3.1.9, I is weakly (p;p0)-saturated, and (I : h)k;k0 = I k;k0 for all k � p;k0 � p0 by

Lemma 3.2.3.

3.3 Weak Regularit y of a Power of an Ideal

In this section,we will prove someresults similar as those in Chandler [8] about

the regularity of the power of an ideal. We will comparethe regularity of I with

that of its kth power I k .
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Prop osition 3.3.1. Let I � R be weak p;p0)-regular and generated by bihomo-

geneous forms of bidegree (di ; d0
i ) (di � m; d0

i � m0). If dim R=I = 0, then I e is

weakly (l ; l0)-regular for somel; l0 with l � (e � 1)m + p;l0 � (e � 1)m0+ p0.

Proof. We prove this by induction on e � 1. It is true for e = 1 by assumption.

Let I = (f 1; � � � ; f r ), where f i has bidegree(di ; d0
i ), and di � m; d0

i � m0 for all

i . Let M be any monomial of bidegree(k; k0), wherek � p, and k0 � p0. SinceI is

weakly (p;p0)-regular, Lemma 3.2.4shows that M 2 I , so M =
P r

i =1 N i f i , where

the bidegreeof N i is denotedby (ni ; n0
i ), whereni � k � m; n0

i � k0 � m0. Let N

be any monomial of bidegree((e � 1)m; (e � 1)m0). We will show that M N 2 I e.

N i N has bidegree(ni + (e � 1)m; n0
i + (e � 1)m0. Sinceni � k � m; n0

i � k0 � m0,

we have the bidegreeof N i N (� (e � 1)m + p � m; � (e � 1)m0+ p0 � m0). Since

k � p, and k0 � p0, that is the bidegree(� (e � 2)m + p;� (e � 2)m0 + p0). By

induction, N i N 2 I e� 1, then M N =
P r

i =1 N i N f i 2 I e� 1I = I e. Thus I e contains

any monomial of bidegree(a;a0) with a � (e � 1)m + p;a0 � (e � 1)m0 + p0.

Therefore,by Lemma 3.2.4, I e is ((e � 1)m + p;(e � 1)m0+ p0)-regular.

Prop osition 3.3.2. If I is a bihomogenousideal of R with dim R=I � 1, then I sat

and sat(I e) are strongly (0; 0)-regular, where sat(I e) denotesthe saturation of I e.

Proof. First, note that if dim R=I � 1, then V(I ) � P m � Pn = ; . This implies

that V(I ) � V(m), and . Thus m =
p

m �
p

I . Thus m � � I for some� and

m �e � I e. Thus, I sat = R and sat(I e) = R. Therefore,I sat and sat(I e) are strongly

(0; 0)-regular.

Prop osition 3.3.3. Let I be a bihomogenousideal in R = K [x0; :::; xm ; y0; :::; yn ].

Assumethat

i. Z = V(I ) � X = Pm � Pn is �nite.
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ii. I is weakly (p;p0)-regular.

iii. I is generated by forms of bidegree (� m; � m0).

Then the saturation J of I e is weakly ((e � 1)m + p;(e � 1)m0+ p0)-regular.

Proof. The proof is by induction on e. Supposee = 1. In this case,it is necessary

to show J is weakly (p;p0)-regular, i.e., H i
m (J )k;k0 = 0 for all (k; k0) 2 Regi � 1(p;p0).

SinceJ is a saturated ideal, H 0
m (J ) = (0 :R J ) = 0 sinceJ � R, and H 1

m (J ) =

J sat=J = 0 by Remark 3.1.9(5).Then H i
m (J )k;k0 = 0 for i = 0; 1 and for all k; k0.

If i � 2, let I ; J be the shea��cation of I ; J respectively. Tensor the exact

sequence

0 � � � ! I � � � ! J � � � ! J =I � � � ! 0

with O(k; k0) and considerthe resulting cohomologysequence:

H i � 1(Z; J =I (k; k0)) ! H i (X ; I (k; k0)) ! H i (X ; J (k; k0)) ! H i (Z; J =I (k; k0)) :

Sincedim Z = 0, H i (Z; J =I (k; k0)) = 0 and for i � 1 for all k; k0. SinceI is weakly

(p;p0)-regular, H 1(I (k; k0)) = 0 for (k; k0) 2 Reg1(p;p0). Thus, we have

H 1(X ; J (k; k0)) = 0; 8(k; k0) 2 Reg1(p;p0); and (3.2)

H i (X ; J (k; k0)) = H i (X ; I (k; k0)) ; 8i � 2:

SinceI is weakly (p;p0)-regular, we have

H i (X ; J (k; k0)) = H i (X ; I (k; k0)) = 0; 8i � 2; 8(k; k0) 2 Regi (p;p0): (3.3)

Combining Equation (3.3) and Equation (3.2), we seethat

H i (X ; J (k; k0)) = 0; 8i � 1; (k; k0) 2 Regi (p;p0):
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SinceH i +1
m (J )k;k0 = H i (J (k; k0)), for all i � 1, we have

H i +1
m (J )k;k0 = 0; 8i � 1; (k; k0) 2 Regi � 1(p;p0):

Therefore,when e = 1, J is weakly (p;p0)-regular.

Assumethat e � 2. Let I denote the shea��cation of I . The shea��cation of

J is I e, and H 0(X ; I e(k; k0)) = Jk;k0. De�ne Z (d) = V(I d), which has the same

support as Z and is hence�nite.

SinceJ is saturated, we have H i
m (J ) = 0 for i = 0; 1. Let (l ; l0) = ((e � 1)m +

p;(e � 1)m0+ p0)). We must show that

H i (X ; I e(k; k0)) = 0 for (k; k0) 2 Regi (l ; l0); all i � 1:

Tensorthe following exact sequence

0 � � � ! I e � � � ! I e� 1 � � � ! I e� 1=I e � � � ! 0

with O(k; k0) and considerthe resulting cohomologysequence.Sincethe support

of I e� 1=I e is contained in Z , which is 0-dimensional,Hi (X ; I e� 1=I e(k; k0)) = 0

for i � 2. Therefore,we have

Hi (X ; I e(k; k0)) = Hi
�
X ; I e� 1(k; k0)

�
for all i � 2;

and the latter group vanishesby induction for all

(k; k0) 2 Regi ((e � 2)m + p;(e � 2)m0+ p0) � Regi ((e � 1)m + p;(e � 1)m0+ p0):

Thus, we have the required vanishing for i � 2. Now look at the sequence

H 0(X ; I e� 1(k; k0))
�

� � � ! H 0(X ; I e� 1=I e(k; k0))

� � � ! H 1(X ; I e(k; k0)) � � � ! H 1(X ; I e� 1(k; k0))
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By induction, the last term vanishesfor all (k; k0) 2 Reg1(l ; l0), so that the next-

to-last term will vanish there provided we show that � is onto for those same

(k; k0).

SupposeZ = f p1; � � � ; psg. Note, sincethe support is �nite, we have

H 0(X ; I e� 1=I e(k; k0)) = H 0(X ; I e� 1=I e) =
M

p2 Z

(I e� 1OX ;p=I eOX ;p)(k; k0)

We will show that for (k; k0) 2 Reg1(l ; l0) and for any

�
u1

v1
; :::;

us

vs

�
2

M

i

(I e� 1OX ;pi =I eOX ;pi )(k; k0)

with bihomogeneousforms with degui � degvi = (k; k0), ui 2 I e� 1 we can �nd a

bihomogeneousg 2 sat(I e� 1)k;k0 and forms H i with H i (pi ) 6= 0, such that

H i (gvi � ui ) 2 I e for all i: (3.4)

This will prove the surjectivity of � .

Let I begeneratedby bihomogenouselements f 1; � � � ; f r with bidegree(mi ; m0
i ) �

(m; m0). We can write

ui =
X

aij f j ; for someaij 2 I e� 2
k� m j ;k0� m0

j

Note that (� ; � 0) = (k � mj ; k0� m0
j ) 2 Reg1((e� 2)m + p;(e� 2)m0+ p0), by our

initial choiceof (k; k0). Tensorthe following exact sequence

0 � � � ! I e� 1 � � � ! I e� 2 � � � ! I e� 2=I e� 1 � � � ! 0

with OX (� ; � 0). Look at the sequence

H 0(X ; I e� 2(� ; � 0))
 

� � � ! H 0(X ; I e� 2=I e� 1(� ; � 0))

� � � ! H 1(X ; I e� 1(� ; � 0)) � � � ! H 1(X ; I e� 2(� ; � 0))

59



Reasoningas before, we seethat  is onto for this (� ; � 0). This meansthat for

every j , and each
�

a1j

v1
; :::;

asj

vs

�
2

M

i

(I e� 2OX ;pi =I e� 1OX ;pi )(k � mj ; k0 � m0
j )

we can �nd a bihomogeneousgj 2 sat(I e� 2)�;� 0 and forms H ij with H ij (pi ) 6= 0,

such that

H ij (gj vi � aij ) 2 I e� 1 for all i: (3.5)

We may replaceeach H ij by H i =
Q

j H ij . Multiply equation (3.5) by f j and sum

the result over j and de�ne g =
P

gj f j 2 sat(I e� 1)k;k0. Then we have obtained

equation (3.4), as required.

3.4 Rank and Regularit y

In this section,we will prove someregularity resultssimilar to thoseof Bus�e, Cox,

and D'Andrea [6] about the regularity. In this Chapter, we only talk about weak

regularity.

Lemma 3.4.1. Let �I � S = C[s; t; v] be minimal ly generated by r bihomoge-

neous forms of bidegree (m; n), which means that the generators have the form
P n

j =0 aij sm t i vn� j . That is �I = smJ where J is generated by homogeneous gener-

ators of degree n. If V(J ) = ; in P 1, then �I is (p;p0)-regular for all p � m and

p0 � 2n � r + 1.

Proof. This follows from Remark 2.4.12and Lemma B.1 in [6].

Remark 3.4.2. Similarly, let �I � S = C[s;u; t] be minimally generatedby r bi-

homogeneousforms of bidegree(m; n), which meansthat the generatorshave the

form
P n

i=0 aij si um� i tn . That is �I = tnJ whereJ is generatedby homogeneousgen-

eratorsof degreem. If V(J ) = ; in P 1, then �I is (p;p0)-regular for all p � 2m� r + 1

and p0 � n.
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Lemma 3.4.3. Let I � R = C[s;u; t; v] be minimal ly generated by r � 4 bihomo-

geneous forms of bidegree (m; n) with both m; n � 1. AssumeV(I ) � P 1 � P1 is

�nite. Given ` 2 R1;0, let I ` be the imageof I in the quotient ring R=h̀ i . Then for

a generic `, I ` is minimal ly generated by at least 2 elements.

Proof. Let I be minimally generatedby p1; � � � ; pr , where each pi has bidegree

(m; n) with m; n � 1. Let

Z � P r � 1 � P(R1;0) = P r � 1 � P1

be de�ned by

Z = f ([a1; � � � ; ar ]; [`]) j `j(a1p1 + � � � + ar pr )g;

and let � 1 : Z ! P r � 1 and � 2 : Z ! P1 be the natural projections.

SinceV(I ) is �nite, p1; � � � pr have no commonfactors. Otherwise, the common

factor will give a curve in V(I ) which contradicts the �niteness of V(I ). Thus the

linear systemof divisors given by a1p1 + � � � + ar pr = 0 is reduced(seePage130

[25]). According to Bertini's theorem(seeTheorem7.19[25]) the generalmember

of the linear systemis irreducible. Thus � � 1
1 (�a) = ; for a genericpoint �a 2 P r � 1.

This meansthat � 1(Z ) is a proper subset of P r � 1. Furthermore, if � � 1
1 (�a) 6= ; ,

then � � 1
1 (�a) is �nite sincea1p1 + � � � + ar pr is divisible by at most m linear forms.

This meansthe map � 1 is �nite to 1. Thus dim(Z) � r � 2.

Now considera generic` 2 P1 and let (pi )` denotethe imageof pi in R=h̀ i . We

considertwo cases.

Case1: If � 2(Z ) 6= P1, and if ` =2 � 2(Z ), we have that � � 1
2 (`) = ; . This implies

that there doesnot exist non zeroai 's such that a1p1 + � � � + ar pr = 0 in R=h̀ i . So

(pi )` are linearly independent.
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Case2: If � 2(Z ) = P1, then � � 1
2 (`) 6= ; ; 8` 2 P1. By dimension theorem in

[39, Theorem7, page60], we know that codim(� � 1
2 (`)) = 1 in Z . This implies that

dim(� � 1
2 (`)) � r � 3 for a generic`.

Since� � 1
2 (`) = projective spaceof linear relations amongf p1; � � � ; pr g in R=h̀ i ,

the spaceof linear relations amongthe (pi )` hasdimension� r � 2. We know that

the sumof the dimensionof the spanand the dimensionof the linearly independent

relations is r , this implies that at least2 of (pi )` arelinearly independent for generic

`.

Remark 3.4.4. The above result is true if the given genericelement of ` is chosen

from R0;1.

Theorem 3.4.5. Let I � R = C[s;u; t; v] be minimal ly generated by r � 4

bihomogeneous forms of bidegree (m; n) with both m; n � 1, and assumethat

V(I ) � P1 � P1 is �nite. If I is the associated sheaf on P 1 � P1, then:

I. H 2(I (k; k0)) = 0 8k; k0 � 0:

II. H 1(I (k; k0)) = 0 8k � 2m � 2 and k0 � 2n � 2:

Proof. Proof of the �rst claim: let Z = V(I ) � P 1 � P1. Consider the following

exact sequence:

0 ! I ! OP 1 � P 1 ! OZ ! 0:

Tensoringwith O(k; k0) givesa long exact cohomologysequence:

! H 1(OZ (k; k0)) ! H 2(I (k; k0)) ! H 2(OP 1 � P 1 (k; k0)) ! H 2(OZ (k; k0)) ! :

SinceZ is �nite, H i (OZ ) = 0; 8i � 1: Sowe have

H 2(I (k; k0)) = H 2(OP 1 � P 1 (k; k0)) = 0; 8k; k0 � 0
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by K•unneth formula [35].

To prove the secondstatement, choosea line ` 2 R1;0 such that V(`) \ V(I ) = ;

and �I = I ` = the image of I in R=h̀ i is minimally generatedby at least two

elements. This is possiblesinceV(I ) is �nite, and by Lemma 3.4.3, �I is minimally

generatedby at least 2 elements. Then by Lemma 3.4.1,we know that �I is (p;p0)-

regular for p � m and p0 � 2n � 1. If �I is the sheaf associated to �I , then by

de�nition of regularity, we have

�I k;k0 �= H 0( �I (k; k0)) 8k � m; k0 � 2n � 1;

H 1( �I (k; k0)) = 0 8k � m � 1; k0 � 2n � 2:

Now, we considerthe following exact sequence:

0 ! OP 1 � P 1 (� 1; 0) ! OP 1 � P 1 ! OL 1
�= OP 0 � P 1 �= OP 1 ! 0:

Tensoringwith I (k; k0) givesthe exact sequence:

Tor
OP 1 � P 1

1 (I (k; k0); OP 1 ) ! I (k � 1; k0) ! I (k; k0) ! OP 1 
 OP 1 � P 1 I (k; k0) ! 0:

Note OP 1 
 OP 1 � P 1 I (k; k0) �= �I (k0). �I (k0) is the sheaf restricted to the line `,

where ` is the projective line of R1;0 denoted by P(R1;0) in Lemma 3.4.3. Let

�I k0 be the image of I k;k0 in R=h̀ i , and �I (k0) the sheaf associated to �I k0. Also

note that Tor
OP 1 � P 1

1 (I (k; k0); OP 1 ) is supported on V(`) = P 1 � P0, and I (k; k0)

is locally free on P1 � P1 � V(I ), but V(`) \ V(I ) = ; by choice of `. Hence

Tor
OP 1 � P 1

1 (I (k; k0); OP 1 ) = 0. Then we have the following exact sequence:

0 ! I (k � 1; k0) ! I (k; k0) ! �I (k0) ! 0:
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This givesthe following diagram:

I k;k0 ! �I k0 ! 0

# # #

! H 0(I (k; k0)) ! H 0( �I (k0)) ! H 1(I (k � 1; k0)) !

H 1(I (k; k0)) ! H 1( �I (k0)) !

with exact rows. Supposethat k � m, k0 � 2n � 1. This says that H 1( �I (k0)) = 0.

I k;k0 ! �I k0 is onto, and �I k0 �= H 0( �I (k0)). Then the diagram givesan isomorphism

H 1(I (k � 1; k0)) �= H 1(I (k; k0)) ; 8k � m; k0 � 2n � 1:

We can also tensor the following exact sequence

0 ! OP 1 � P 1 (0; � 1) ! OP 1 � P 1 ! OP 1 ! 0

with I (k; k0). By the samereasoning,it will give an exact sequence

0 ! I (k; k0 � 1) ! I (k; k0) ! �I (k) ! 0

whoselong exact sequencein cohomologygivesthe following diagram:

I k;k0 ! �I k ! 0

# # #

! H 0(I (k; k0)) ! H 0( �I (k)) ! H 1(I (k; k0 � 1)) !

H 1(I (k; k0)) ! H 1( �I (k)) !

with exactrows.Supposethat k � 2m� 1 and k0 � n. This says that H 1( �I (k)) = 0.

I k;k0 ! �I k is onto, and �I k
�= H 0( �I (k)). Then the diagram givesan isomorphism

H 1(I (k; k0 � 1)) �= H 1(I (k; k0)) ; 8k � 2m � 1; k0 � n:

This implies that

H 1(I (k � 1; k0 � 1)) �= H 1(I (k; k0)) ; 8k � 2m � 1 and k0 � 2n � 1:

This provesthat H 1(I (k; k0)) = 0 8k � 2m � 2 and k0 � 2n � 2.
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Theorem 3.4.6. Let I � R = C[s;u; t; v] is minimal ly generated by r � 4 bihomo-

geneous forms of bidegree (m; n) with m; n � 1, and assumeZ = V(I ) � P 1 � P1

is �nite. If p � 2m � 1, and p0 � 2n � 1, then I is (p;p0)-regular if and only if

dim(R=I )p;p0 = deg(Z ) where deg(Z ) denotesthe degree of Z .

Proof. When p � 2m � 1 and p0 � 2n � 1, Theorem3.4.5implies H 1(I (p;p0)) = 0.

The exact sequence

0 ! I ! OP 1 � P 1 ! OZ ! 0

gives

0 ! H 0(I (p;p0)) ! H 0(OP 1 � P 1 (p;p0)) ! H 0(OZ (p;p0)) ! 0:

We always have the following exact sequence:

0 ! I p;p0 ! Rp;p0 ! (R=I )p;p0 ! 0: (3.6)

If I is (p;p0)-regular, we have I p;p0 = H 0(I (p;p0)), and Rp;p0 = H 0OQ(p;p0)). By the

5-lemma,wehave(R=I )p;p0 = H 0(OZ (p;p0)), thusdim(R=I )p;p0 = dim H 0(OZ (p;p0)).

SinceZ is �nite,

dim H 0(OZ ) = deg(Z ) (see[39, page140-142]):

Sincedim H 0(OZ ) = dim H 0(OZ (p;p0)) when Z is �nite. Therefore

dim(R=I )p;p0 = deg(Z ):

On the other hand, supposedim(R=I )p;p0 = deg(Z ). SinceH 2(I (k; k0)) = 0 for all

k; k0 � 0, by the de�nition of (p;p0)-regular, we only needto prove that

I p;p0 �= H 0(I (p;p0)) ; and H 1(I (p � 1; p0 � 1)) = 0:

If p � 2m � 1 and p0 � 2n � 1, then H 1(I (p � 1; p0 � 1)) = 0 by Theorem

3.4.5. We know that I p;p0 ! H 0(I (p;p0)) is injective, it is enough to show that
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dim I p;p0 = dim H 0(I (p;p0)). According to the exact sequence

0 ! H 0(I (p;p0)) ! Rp;p0 ! H 0(OZ (p;p0)) ! 0;

we know that

dim H 0(I (p;p0)) = dim Rp;p0 � dim H 0(OZ (p;p0))

= dim Rp;p0 � deg(Z ) = dim Rp;p0 � dim(R=I )p;p0 = dim I p;p0:

The last equality is becauseof the exact sequence(3.6). Thus I p;p0 �= H 0(I p;p0) and

I is (p;p0)-regular.

Example 3.4.7. The following example shows the result of the computation by

Theorem3.4.6 is the sameas the result of the computation by the free resolution

of I .

I = (u2t2v; u2t3 + suv3; s2tv2; s2v3 + s2t3) � K [s;u; t; v]. V(I ) = (0 : 1;0 : 1) �

P1 � P1. A computation with Singular shows dim(R=I )3;5 = degV(I ) = 2. I is

weakly (3; 5)-regular. We have a free resolution for I as follows:

0 � � � ! R(� 3; � 6) � R2(� 4; � 5) � R(� 4; � 6)
� 2� � � !

R(� 2; � 6) � R2(� 3; � 5) � R3(� 4; � 4) � R(� 3; � 6)
� 1� � � ! R4(� 2; � 3)

� 0� � � ! I � � � ! 0;

where� 0 is represented by the 1 � 4 matrix [u2t2v; u2t3 + suv3; s2tv2; s2v3 + s2t3],

� 1 is represented by 4 � 7 matrix
2

6
6
6
6
6
6
6
6
4

t3 + v3 ut2 uv2 u2t 0 � suv + u2v 0

0 � stv st2 � s2v s2t � suv 0 ut3 + sv3

0 sv2 � stv 0 suv s2t 0

� tv2 � uv2 0 0 � u2v � u2t 0

3

7
7
7
7
7
7
7
7
5

;
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and � 2 is represented by 7 � 4 matrix

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

u 0 0 0

� t u 0 0

� v 0 s � u ut

0 � t 0 � v2

0 � v � t 0

0 0 v 0

0 0 0 � s

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

:

I is alsoa strongly (3; 5)-regular.

3.5 Lo cal Complete In tersection and Koszul
Syzygies

Let X be a smooth surfaceover C, and I � OX a coherent sheafof ideals.Suppose

that Z = V(I ) is a �nite set. We call the points of Z basepoints for I . The reason

for the terminology is that weconsiderthat I comesfrom an ideal I in a polynomial

ring, and we think of generatorsof I asproviding a rational map X ! P N and Z

the basepoint locusof this map.

De�nition 3.5.1. The basepoints arelocal completeintersection (LCI) if for every

point p 2 Z , I OX ;p is a completeintersection ideal, i.e., it is locally generatedby

two elements.

Recall that given elements r 1; � � � ; r n in any commutativ e ring R, a syzygy

(a1; � � � ; an ) is a relation a1r1 + � � � + an rn = 0 for ai 2 R. A Koszul relation

is one of the form (r j )r i + (� r i )r j = 0 for i 6= j . Let Syz(r 1; � � � ; r n ) be the sub-

module of Rn generatedby the syzygies.Let Kos(r 1; � � � ; r n ) � Syz(r 1; � � � ; r n ) be

the submodule generatedby the Koszul syzygies.
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Considerthe special caseR = C[s;u; t] and I is generatedby the homogeneous

forms with Z = V(I ) � P 2 a �nite set of points.

De�nition 3.5.2. A syzygy (a1; � � � ; an ) 2 Syz(r 1; � � � ; r n ) vanishesat all base

points if ai 2 I sat whereI sat = f r 2 R : hs; t; vi kr � I for somekg for each i . If ai

is homogeneousof samedegreedi , this is equivalent to say ai belongsto the ideal

I OP 2 ;p(di ) for all p 2 Z , for all i .

The equivalenceof the two conditions in the above de�nition follows from the

facts: I sat(di ) = H 0(P2; I OP 2 (di )) and I sat(di ) = OP 2 ;p for all p =2 Z .

Cox and Schenck [11] have proved the following result:

Theorem 3.5.3. If I = hf 1; f 2; f 3i � R = C[s; t; u] where f i is a homogeneous

polynomial of degree di , the module of syzygiesvanishingat Z is generated by the

Koszul syzygiesif and only if Z is a local completeintersection.

We will extend this result to the bigradedcasein this section.

De�nition 3.5.4. Let R = [s;u; t; v], wheres;u have bidegree(1; 0) and t; v have

bidegree(0; 1). Let I = ha;b;ci , where a;b;c are bihomogeneouspolynomials. A

syzygy (A; B ; C) on the generatorsof I = (a;b;c) vanishesat the basepoint lo-

cus Z = V(I ) if A; B ; C 2 I m sat = f r 2 R : m kr � I ; for somekg where m =

hst; sv; ut; uvi . If A; B ; C arebihomogeneousformsof bidegree(di ; d0
i ) for i = 1; 2; 3,

this is equivalent to say that A 2 I OP 1 � P 1 ;p(di ; d0
i ), etc., for all p 2 Z . The equiv-

alencefollows as before,noting that I m sat(di ; d0
i ) = H 0(P1 � P1; I OP 1 � P 1 (di ; d0

i ))

and I OP 1 � P 1 ;p(di ; d0
i ) = OP 1 � P 1 ;p(di ; d0

i ) for all p =2 Z .

Remark 3.5.5. Considerthe exact sequence:

0 � � � ! Syz(a;b;c) � � � !
L 3

i=1 R(� di ; � d0
i )

(a;b;c)
� � � ! I � � � ! 0:
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SinceSyz(a;b;c) is a bigraded submodule of
L 3

i=1 R(� di ; � d0
i ), we will say that

(A; B ; C) 2 Syz(a;b;c)k;l hasbidegree(k; l). Note that aspolynomialsthe bidegree

of A is (k � d1; l � d0
1), sinceA 2 R(� d1; � d0

1)k;l , etc. In other words, the polynomial

expressionAa + Bb+ Cc hasbidegree(k; l):

If all (di ; d0
i ) are equal to a �xed pair (m; n), then a bihomogeneoussyzygy

(A; B ; C) of bidegree(k; l) will haveA; B ; C all bihomogeneousof the samebidegree

(k � m; l � n). Someauthors call this a syzygyof bidegree(k � m; l � n). We will

call (A; B ; C) a syzygyof pure degree (k � m; l � n).

For rest of the section,wewill let R = C[s;u; t; v] bethe bigradedcoordinate ring

of P1 � P1, and considerthe ideal I = hf 1; f 2; f 3i � R, wheref i is bihomogeneous

of bidegree(di ; d0
i ). The f i form a regular sequencein R if and only if the following

Koszul complex is exact.

0 ! R(�
P 3

i=1 di ; �
P 3

i=1 d0
i )

2

6
6
6
6
6
6
6
6
6
4

f 3

� f 2

f 1

3

7
7
7
7
7
7
7
7
7
5

� � � � !
L

i<j R(� di � dj ; � d0
i � d0

j )

(3.7)

2

6
6
6
6
6
6
6
6
6
4

f 2 f 3 0

� f 1 0 f 3

0 � f 1 � f 2

3

7
7
7
7
7
7
7
7
7
5

� � � � � � � � � � � � � !
L 3

i=1 R(� di ; � d0
i )

[f 1 f 2 f 3 ]
�� � � � � �! I ! 0

:

We will discussthe situation when Z = V(I ) � P 1 � P1 is a zero-dimensional

subscheme,so that I = hf 1; f 2; f 3i has codimensiontwo in R. We call Z the base

point locus of f 1; f 2; f 3. If I has codimension two, f 1; f 2; f 3 will no longer be a

regular sequence,sinceR is Cohen-Macaulay.

Lemma 3.5.6. If I = hf 1; f 2; f 3i has codimension two in R, then (3.7) is exact

except at
L 3

i=1 R(� di ; � d0
i ). In particular, the Koszulcomplexof f 1; f 2; f 3 givesthe
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exactsequences:

0 ! R(�
3X

i =1

di ; �
3X

i =1

d0
i ) !

M

i<j

R(� di � dj ; � d0
i � d0

j ) !
3M

i =1

R(� di ; � d0
i )

and
3M

i =1

R(� di ; � d0
i ) ! I ! 0

Proof. The exactnessof the �rst sequencewill follow from the Buchsbaum-Eisenbud

exactnesscriterion (page 500 [15]). To apply this criterion, we needto check the

following rank conditions:

rank
M

i<j

R(� di � dj ; � d0
i � d0

j ) = rank

2

6
6
6
6
4

f 2 f 3 0

� f 1 0 f 3

0 � f 1 � f 2

3

7
7
7
7
5

+ rank

2

6
6
6
6
4

f 3

� f 2

f 1

3

7
7
7
7
5

; (3.8)

rankR(�
3X

i =1

di ; �
3X

i =1

d0
i ) = rank

2

6
6
6
6
4

f 3

� f 2

f 1

3

7
7
7
7
5

; (3.9)

(3.8) is true since both ranks are 3, and (3.9) since both ranks are 1. It is also

necessaryto check the following depth conditions: Let J be the ideal generatedby

the 2 � 2 minors of the matrix

2

6
6
6
6
4

f 2 f 3 0

� f 1 0 f 3

0 � f 1 � f 2

3

7
7
7
7
5

, which is the ideal

J = hf 1f 3; f 2f 3; f 1f 2; f 2
1 ; f 2

2 ; f 2
3 i ;

then

depthJ = codimJ = 2
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sinceR is a Cohen-MaCaulay ring. The ideal generatedby the 1 � 1 minor of the

matrix

2

6
6
6
6
4

f 3

� f 2

f 1

3

7
7
7
7
5

is just I , and

depthI = codimI = 2:

De�nition 3.5.7. A Koszul syzygyon f 1; f 2; f 3 is an element of the submodule

K �
3M

i =1

R(� di ; � d0
i )

generatedby the columnsof the matrix

2

6
6
6
6
4

f 2 f 3 0

� f 1 0 f 3

0 � f 1 � f 2

3

7
7
7
7
5

Corollary 3.5.8. If I = hf 1; f 2; f 3i is a codimension two ideal, then

0 ! R(�
3X

i =1

di ; �
3X

i =1

d0
i ) !

M

i<j

R(� di � dj ; � d0
i � d0

j ) ! K ! 0 (3.10)

Note: K is a proper submodule of the syzygy module S de�ned by the exact

sequence

0 ! S !
3M

i =1

R(� di ; � d0
i ) ! I ! 0;

sincecodimI = 2, the Koszul complex is not exact.

According to [40, page32], we have the following de�nition:

De�nition 3.5.9. A submodule M of a �nitely generatedbigradedfreeR� module

F is saturated if

M = f x 2 F jmx � M g
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We de�ne the saturation of M to be

M m sat = f x 2 F jm kx � M ; for somekg:

where m = hst; sv; ut; uvi . We will use the notation M sat for this, the ideal m

being understood.

Remark 3.5.10. M is saturated if and only if M = M sat.

Proof. SupposeM is saturated, we will prove that M = M sat. SinceM � M sat,

we only needto show M sat � M when M is saturated. Let x 2 M sat. There exists

a k such that m kx = mm k� 1x � M . SinceM is saturated, we have m k� 1x � M .

We can repeat the processuntil mx � M . Therefore x 2 M . Thus, M sat � M ,

and we proved that M = M sat.

On the other hand, supposeM = M sat, if x 2 F such that mx 2 M , then

x 2 M sat = M . Therefore,M is saturated.

Prop osition 3.5.11. Let M be a bigraded submodule of a free R = k[s;u; t; v]-

moduleof �nite rankF . Let M be thecorrespondingcoherent sheaf on X = P 1� P1.

Then

M sat
k;l = H 0(X ; M (k; l)) :

Proof. For any �nitely generatedbigraded R-module we have an exact sequence

(see[24])

0 ! H 0
m (M ) ! M !

M

(a;b)2 Z2

H 0(X ; M (a;b)) ! H 1
m (M ) ! 0:

We will show that H i
m (M ) = 0 when i = 0; 1 if M is saturated. This is su�cien t

sinceboth M and M sat generatethe samesheaf.SinceH i
m (R) = 0, for i = 0; 1,

and M is a submodule of a free R-module, it is clear that we have vanishing for
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i = 0, and this doesnot dependon M beingsaturated.The long exact cohomology

sequencefor

0 � � � ! M � � � ! F � � � ! F=M � � � ! 0

hasa piece

H 0
m (F ) ! H 0

m (F=M ) ! H 1
m (M ) ! H 1

m (F ):

Sincethe extremeterms are zero,we get an isomorphism

H 1
m (M ) �= H 0

m (F=M )

But the right-hand side is M sat=M , proving our claim.

We will usethe following well-known results:

Prop osition 3.5.12. Let R be a Noetherian ring, J � R an ideal, and M a �nitely

generated R-module. The following are equivalent:

1. Ass(M ) � V(J ).

2. Supp(M ) � V(J ).

3. There existsn � 0 suchthat J nM = 0.

When this is so, H 0
J (M ) = M .

Proof. The equivalenceof (1) and (2) follows from the fact that both Ass(M ) and

Supp(M ) have the sameminimal elements ([37, Theorem 1, p. 7]). Assume(3)

holds, and let p be prime ideal in the support of M . Let m=s 2 M p . If p + J

there would exist x 2 J n p, and clearly xn 2 J n n p for any n � 1. But then

xnm = 0, and this shows that m=s = 0, showing that p cannot be in the support

of M . Conversely, assume(2) then ([37, Prop 3, p. 5])

Supp(M ) = V(ann(M )) � V(J )
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shows that
p

J �
p

ann(M ), from which (3) follows easily.

To seethe last statement, note that H 0
J (M ) = f m 2 M : J km = 0 for somekg.

Remark 3.5.13. If M is a bigraded module over the ring R = k[s;u; t; v], the

elements of Ass(M ) are bihomogeneous.Moreover, taking J = m the irrelevant

ideal, the conditions of the previousproposition are easilyseento be equivalent to

4. There exists m; n such that M k;l = 0 whenever k � m and l � n, which we

abbreviate by writing (k; l) � (0; 0).

De�nition 3.5.14. The bigraded Hilbert polynomial P(M ) of a �nitely generated

bigradedR-module M is the unique polynomial such that

P(M )(n; n0) = dimC M n;n 0

for all n; n0 >> 0; whereM n;n 0 is the bigradedpieceof M in degree(n; n0).

Note: if M is the sheafof modulesassociated to M , for n; n0 � 0, we have

P(M )(n; n0) = dimC M n;n 0 = dim H 0(P1 � P1; M (n; n0)) :

Remark 3.5.15.

P(M ) = P(M sat):

Proof. Let Q = M sat=M . Sincem r Q = 0 for somer , we must have Qk;k0 = 0 for

k; k0 � 0, as in the previousremark. Thus P(M ) = P(M sat).

Lemma 3.5.16. Let M � N � F be bigraded submoduleswhere F is free of �nite

type. If M is saturated, then M = N if and only if P(M ) = P(N ).

Proof. Wewill only show that P(M ) = P(N ) implies that M = N . P(M ) = P(N )

says that there exist n; n0 such that M k;k0 = Nk;k0 for all k � n; k0 � n0. Let ap;p0 2
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Np;p0 wherep < n, or p0 < n0. We can �nd an � such that m � ap;p0 � Nk;k0 = M k;k0

for somek � n; k0 � n0. SinceM is saturated, M = M sat, thus ap;p0 2 M p;p0.

Let S be the syzygymodule, K the Koszul syzygymodule and V the module of

syzygiesfor f 1; f 2; f 3 vanishing at the basepoints Z of I = hf 1; f 2; f 3i .

Lemma 3.5.17. K ; V are submodulesof
L 3

i=1 R(� di ; � d0
i ). V is a saturated sub-

module, and K k;k0 = K sat
k;k0 when(k �

P 3
i=1 di + 1)(k0 �

P 3
i =1 d0

i + 1) � 0.

Proof. We know that K � V �
L 3

i=1 R(� di ; � d0
i ). We �rst considerV. By de�ni-

tion, we have

V = S \
3M

i =1

I sat(� di ; � d0
i ):

Note that S = Ssat, or equivalently, that S is saturated. To seethis, let (a;b;c) 2

R3 such that m(a;b;c) � S. This means that for all h 2 m and h(a;b;c) 2

Syz(f 1; f 2; f 3). This says that h(af 1+ bf2+ cf 3) = 0. But R hasno zerodivisors,thus

(a;b;c) 2 S, which shows that S is saturated. Sincethe intersection of saturated

submodules is saturated, V is saturated.

We will show K sat
k;k0 = K k;k0 for all (k �

P 3
i=1 di + 1)(k0 �

P 3
i =1 d0

i + 1) � 0. Let

r = r k;k0 2
L 3

i=1 R(� di ; � d0
i ) with bidegree(k �

P 3
i=1 di + 1)(k0�

P 3
i=1 d0

i + 1) � 0

and satis�es mr � K . We will show that r 2 K . Let L = K + Rr . Consider the

short exact sequence

0 ! K ! L ! L=K ! 0:

We get a long exact sequencein local cohomology

0 ! H 0
m (K ) ! H 0

m (L) ! H 0
m (L=K ) ! H 1

m (K ) !
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SinceK ,!
L 3

i=1 R(� di ; � d0
i ), H 0

m (K ) = 0. Also considerthe exact local cohomol-

ogy sequenceof the exact sequence(3.10)

M

i<j

H i
m (R(� di � dj ; � d0

i � d0
j ))k;k0 ! H i

m (K )k;k0 ! H i +1
m (R(�

3X

i =1

di ; �
3X

i =1

d0
i )) :

H 1
m (K )k;k0 = 0 if

M

i<j

H 1
m (R(� di � dj ; � d0

i � d0
j ))k;k0 = 0 and (3.11)

H 2
m (R(�

3X

i =1

di ; �
3X

i =1

d0
i ))k;k0 = 0: (3.12)

Since we know that R is strongly (0; 0)-regular, Equation (3.11) holds for all

k; k0, and Equation (3.12) can be written as the following

H 2
m (R)k�

P 3
i =1 di ;k0�

P 3
i =1 d0

i
= H 1(P1 � P1; OP 1 � P 1 (k �

3X

i =1

di ; k0 �
3X

i =1

d0
i )) = 0:

Now apply the K•unneth formula, [35]:

H 1(P1 � P1; OP 1 � P 1 (k �
3X

i =1

di ; k0 �
3X

i =1

d0
i ))

=
M

i + j =1

H i (P1; O(k �
3X

i =1

di )) 
 H j (P1; O(k0 �
3X

i =1

d0
i ))

By Serre'scomputation of the cohomologyof projective spaceand this last one

clearly is 0, when k =
P 3

i=1 di � 1, 8l, or l =
P 3

i=1 d0
i � 1, 8k, or k >

P 3
i =1 di � 1,

l >
P 3

i=1 d0
i � 1, or k >

P 3
i=1 di � 1, l >

P 3
i=1 d0

i � 1. i.e. (k �
P 3

i =1 di + 1)(k0 �
P 3

i=1 d0
i + 1) � 0.

Therefore,we have

H 1
m (K )k;k0 = 0; when (k �

3X

i =1

di + 1)(k0 �
3X

i =1

d0
i + 1) � 0:

SinceL ,!
L 3

i=1 R(� di ; � d0
i ), H 0

m (L) = 0: This implies that

H 0
m (L=K )k;k0 = 0 when (k �

3X

i =1

di + 1)(k0 �
3X

i =1

d0
i + 1) � 0: (3.13)
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Clearly, m � L=K = 0 for some � and by proposition (3.5.12) and the remark

following, this implies that Supp(L=K ) � V(m). It is well-known that this last

condition implies that H 0
m (L=K ) = L=K , and from equation (3.13) this gives

L k;k0 = K k;k0 when (k �
P 3

i=1 di + 1)(k0�
P 3

i=1 d0
i + 1) � 0. This meansr = r k;k0 2

K k;k0 and K k;k0 = K sat
k;k0 for thosesameindices,which was proved.

Theorem 3.5.18. Let Op be the local ring of a point p in P 1 � P1, and let I p � Op

be a codimension two ideal. Then

dimCI p=I 2
p � 2dimCOp=I p:

Furthermore, equality holds if and only if I p is a completeintersection in Op.

Proof. See[23, Folgerung2.6 Page154]. Note the proof of the theorem in [23] is

for P2, but it only usesthe local condition, the result is true for P 1 � P1.

Theorem 3.5.19. If I = hf 1; f 2; f 3i � R has codimension two, then K sat = V if

and only if I is a local completeintersection.

Proof. SinceK sat = V , P(K sat) = P(V), we will computeboth P(K sat); P(V).

P(K ) = P(K sat) =
X

i<j

P(R(� di � dj ; � d0
i � d0

j )) � P(R(�
3X

i =1

di ; �
3X

i =1

d0
i )) :

P(K sat)(k; k0)

=
X

i<j

(k � di � dj + 1)(k0 � d0
i � d0

j + 1) � (k �
3X

i =1

di + 1)(k0 �
3X

i � 1

d0
i + 1)

=
3X

i =1

(k � di + 1)(k0 � d0
i + 1) � (k + 1)(k0+ 1)

Now considerP(V). SinceV = S \
L 3

i=1 I sat(� di ; � d0
i ), and

0 ! S !
3M

i =1

R(� di ; � d0
i ) ! I ! 0;
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we will have the exact sequence:

0 ! V !
3M

i =1

I sat(� di ; � d0
i ) ! I I sat ! 0:

Then

P(V) =
3X

i =1

P(I sat(� di ; � d0
i )) � P(I I sat):

Since0 ! I sat ! R ! R=I sat ! 0 and V(I sat) = V(I ) = Z is zero-dimensional,

we have

P(I sat) = P(R) � P(R=I sat) = P(R) � deg(Z )

Therefore

P(V) =
3X

i =1

P(R(� di ; � d0
i )) � 3deg(Z ) � P(I I sat):

Note that I 2; I I sat have the samesaturation. To seethis, it is enough to show

I I sat � (I 2)sat, since I 2 � I I sat. Let f 2 I I sat, so f =
P k

i=1 f i gi with f i 2

I ; gi 2 I sat. But there exist an n such that hst; sv; ut; uvi ngi � I for all i , therefore

f 2 (I 2)sat. Thus from remark (3.5.15),we get P(I 2) = P(I I sat). Now

P(V) =
3X

i =1

P(R(� di ; � d0
i )) � 3deg(Z ) � P(I 2):

The exact sequences

0 ! I 2 ! R ! R=I 2 ! 0

and

0 ! I =I 2 ! R=I 2 ! R=I ! 0

give

P(I 2) = P(R) � P(R=I 2) = P(R) � P(I =I 2) � deg(Z ):
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Therefore,we have

P(V)(k; k0)

=
3X

i =1

P(R(� di ; � d0
i ))( k; k0) � P(R)(k; k0) � 2deg(Z ) + P(I =I 2)(k; k0)

=
3X

i =1

(k � di + 1)(k0 � d0
i + 1) � (k + 1)(k0+ 1) � 2deg(Z ) + P(I =I 2)(k; k0)

Comparing P(K sat) and P(V), we see

P(K sat) = P(V) ( ) P(I =I 2) = 2deg(Z ):

If I is the ideal sheafof Z , then

deg(Z ) = dimC H 0(Z; OZ ) = dimC H 0(P1 � P1; OP 1 � P 1 =I ) =
X

p2 Z

dimC Op=I p;

whereOp; I p is the localization at p 2 Z . SinceI =I 2 haszerodimensionalsupport,

we have

P(I =I 2) = dimC H 0(P1 � P1; I =I 2) =
X

p2 Z

dimC I p=I 2
p :

By Theorem3.5.18,we know that

dimC I p=I 2
p � 2dimC Op=I p

for every p 2 Z with equality holds if and only if I p is LCI. Therefore,we have

P(I =I 2) = 2deg(Z ) , dimC I p=I 2
p = 2dimC Op=I p; 8p 2 Z;

and we concludethat

P(I =I 2) = 2deg(Z ) , I is LCI.

Corollary 3.5.20. If I = hf 1; f 2; f 3i � R has codimension two, and the bidegree

of f i is (di ; d0
i ), then K k;k0 = Vk;k0 �

L 3
i=1 R(� di ; � d0

i )k;k0 when (k �
P 3

i =1 di +

1)(k0 �
P 3

i=1 d0
i + 1) � 0, if and only if I is a local completeintersection.
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Proof. (( ) If I is LCI, then K sat = V by the theorem. But K k;k0 = K sat
k;k0 when

(k �
P 3

i=1 di � 1)(k0 �
P 3

i=1 d0
i + 1) � 0, by Lemma 3.5.17.

() ) If K k;k0 = Vk;k0 when (k �
P 3

i=1 di � 1)(k0�
P 3

i=1 d0
i � 1) � 0, then P(K ) =

P(K sat) = P(V). By Lemma 3.5.17,we have K sat = V. By Theorem 3.5.19,we

have I is LCI.

Example 3.5.21. The following exampleshows that not all syzygiesvanishing at

the basepoint are Koszul syzygies:

Let I = hs2v2; u2t2; s2t2i . The only basepoint of I is p = (0 : 1;0 : 1), and

I p = hs2; t2i . The basepoint is a local completeintersection.Considerthe syzygies

(sut4v; 0; � sut2v3) and (0; s4utv; � s2u3tv) of pure bidegree(2; 5) and (5; 2) respec-

tiv ely. By de�nition, they vanish on the basepoint, sincem(sut4v; 0; sut2v3) � I ,

m(0; s4utv; � s2u3tv) � I . But neither one of them is a Koszul syzygy, since the

Koszul syzygiesare generatedby

(u2t2; � s2v2; 0); (s2t2; 0; � s2v2); (0; s2t2; � u2t2):
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4. Surface Implicitization

4.1 In tro duction

This section will be devoted to a search for a generatorof the ideal I (V) where

V � P3 is a surfacewhich is described parametrically by a parametrization � :

P1 � P1 ! P3: The map � is given by

� (s : u; t : v) = (a(s : u; t : v) : b(s : u; t : v) : c(s : u; t : v) : d(s : u; t : v));

wherea;b;c;d are bihomogeneouspolynomials of bidegree(m; n) in the ring R =

C[s;u; t; v]. Such parametrizations are sometimesreferred to as tensor product

parametrizations. Assume gcd(a;b;c;d) = 1. If � has no base points, that is

V(a;b;c;d) = ; in P 1 � P1, and is generically one-to-one,then the image of �

is a surfaceS � P3 of degree2mn, [9, Theorem3.1], [10].

In the polynomial ring C[s;u; t; v; x1; x2; x3; x4] = R[x1; x2; x3; x4], considerthe

polynomial Ax 1+ Bx2+ Cx3+ Dx4 whereA; B ; C; D 2 R arebihomogeneousof the

samebidegrees.If we �x a point p = (s : u; t : v) 2 P 1 � P1, then A(p)x1+ B(p)x2+

C(p)x3 + D(p)x4 = 0 is an equationof a planein P 3. When the point p changes,we

will have di�eren t equationsof planesin P 3. This suggeststhe following de�nition:

De�nition 4.1.1. A moving plane on P 3 is a polynomial of the form

Ax 1 + Bx2 + Cx3 + Dx4

where x1; x2; x3; x4 are homogeneouscoordinates on P3 and A; B ; C; D 2 R are

bihomogeneousof the samebidegree(k; l), which we will call the bidegreeof the

moving plane.We say the moving plane follows the parametrization � if the graph

of � , G(� ) � V(Ax 1 + Bx2 + Cx3 + Dx4). Note that this means

A(p)a(p) + B(p)b(p) + C(p)c(p) + D(p)d(p) = 0; 8p 2 P 1 � P1;
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which is equivalent to

Aa + Bb+ Cc + Dd = 0 2 C[s;u; t; v]

where a;b;c;d are parametersof the surface.Thus the moving plane follows the

parametrization � if and only if

(A; B ; C; D) 2 Syz(a;b;c;d)

whereSyz(a;b;c;d) denotesthe syzygysubmodule of R4 determinedby a;b;c;d.

For the samereason,we give the following de�nitions:

De�nition 4.1.2. A moving quadric is a polynomial of the form

Ax 2
1 + Bx1x2 + � � � + Jx2

4

whereA; � � � ; J 2 R are bihomogeneousof the samebidegree(k; l), which we will

call the bidegreeof the moving quadric.

A moving quadric follows the parametrization � , if

(A; B ; � � � ; J ) 2 Syz(a2; ab;� � � ; d2):

Considermoving planesand moving quadricswith bidegree(m � 1; n � 1) which

follow the parametrization � . If Rk;l denotesthe bihomogeneousforms of bidegree

(k; l), then the moving planesof bidegree(m � 1; n � 1) make up the kernel of the

map

M P : R4
m� 1;n� 1

(a;b;c;d)
� � � � ! R2m� 1;2n� 1

(A; B ; C; D) ! Aa + Bb+ Cc + Dd;

wherethe map is represented by the 4mn � 4mn matrix M P. The moving quadrics

of this bidegreemake up the kernel of the map

M Q : R10
m� 1;n� 1

(a2 ;ab;:::;d2 )
� � � � � � �! R3m� 1;3n� 1
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(A; B ; � � � ; J ) ! Aa2 + Bab+ � � � + Jd2;

where the map is represented by the 9mn � 10mn matrix M Q. If � has no base

points, then M P is an isomorphism[9, page9], [13]. Thus there are no moving

planesof bidegree(m� 1; n � 1). Now considerM Q. Sincedim Rk;l = (k + 1)(l + 1),

so that dim R10
m� 1;n� 1 � dim R3m� 1;3n� 1 = 10mn � 9mn = mn; it follows that

dim Syz(a2; � � � ; d2)m� 1;n� 1 = mn ( ) M Q hasmaximal rank:

If M Q has maximal rank, we will have mn linearly independent moving quadrics

of bidegree(m � 1; n � 1) which follow the parametrization � . Each one of these

mn moving quadricsQi (1 � i � mn) can be written as

Qi = A i x2
1 + � � � + J i x2

4

= (
m� 1X

j =0

n� 1X

k=0

A i;j ksj tk)x2
1 + � � � + (

m� 1X

j =0

n� 1X

k=0

Ji;j ksj tk)x2
4

=
m� 1X

j =0

n� 1X

k=0

(A i;j kx2
1 + � � � + J i;j kx2

4)sj tk

=
m� 1X

j =0

n� 1X

k=0

Qi;j k(x1; x2; x3; x4)sj tk

whereQi;j k is a quadric in x1; x2; x3; x4 with coe�cien ts in C. We arrangethe Qi;j k

into a squarematrix M of size mn � mn, where the columns of the matrix M

are indexed by the monomial basisof Rm� 1;n� 1, namely f sj tkg, and the rows are

indexed by the mn moving quadrics Qi . Since each entry of M is a quadric in

x1; x2; x3; x4, we may write

M = (Qi;j k);

sothat the determinant of M , jM j, is a polynomial in x1; x2; x3; x4 of degree� 2mn.

The main result of [10] is
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Theorem 4.1.3. Supposethat � : P 1 � P1 ! P3 hasno basepoints and is gener-

ically one-to-one. If M P has maximal rank, then so does M Q and furthermore,

the imageof � is de�ned by the equation jM j = 0.

Proof. See[9, p.7].

The goalof this chapter is to provea similar result in the presenceof basepoints.

In the casethat P1 � P1 is replacedby P2, such as extensionhas already been

doneby Bus�e, Cox, and D'Andrea [6].

4.2 Base Poin t and Multiplicit y

We are going to recall the multiplicit y of a module. For details see,[15, p.280]and

[4, Ch.4]. We �rst give somebasicde�nitions.

De�nition 4.2.1. Let (R; m) be a local ring, M an R-module. An ideal I � m

such that mnM � I M for somen is called an ideal of de�nition of M .

The multiplicit y of a module with respect to an ideal is de�ned via the Hilbert-

Samuel polynomial:

De�nition 4.2.2. Let (R; m) be a Noetherian local ring, let M 6= 0 be a �nitely

generatedR-module, and I an ideal of de�nition of M . Let P(n) = PI ;M (n) be the

Hilbert-Samuel polynomial. We may write P(n) uniquely in the form

P(n) =
dX

i =0

ai Fi (n)

where Fi (n) =
� n

i

�
is the binomial coe�cien t regardedas a polynomial in n of

degreei , the ai are integers,and ad 6= 0. The integer ad is called the multiplicity

of I on M , written e(I ; M ). The degreeof P(n) is d = dim M � 1, and the leading

coe�cien t of P(n) is e(I ; M )=d!, wheree(I ; M ) > 0.
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Computing e(I ; M ) is di�cult. The following theoremswill show that we can

replacean arbitrary ideal of de�nition of M by an ideal J which is generatedby a

systemof parametersof M such that e(I ; M ) = e(J; M ).

De�nition 4.2.3. Let R be a Noetherian ring, I a proper ideal, and M a �nite

R-module. An ideal J � I is called a reduction ideal of I with respect to M if

J I nM = I n+1 M for somen � 0. J is called a minimal reduction ideal of I if J is

a reduction ideal of I and J itself doesnot have any proper reductions. If J is a

reduction ideal of I and is generatedby a regular sequence,then J is a minimal

reduction ideal of I .

Lemma 4.2.4. Let (R; m) be a Noetherian local ring, M a �nite R-module, I an

ideal of de�nition of M , and J a reduction ideal of I with respect to M . Then J

is an ideal of de�nition of M , and e(J; M ) = e(I ; M ).

Proof. See[4, p.182].

Theorem 4.2.5. Let (R; m) be a d-dimensional Noetherian local ring, suppose

R=m is an in�nite �eld, and let q = hu1; � � � ; usi be an m-primary ideal. Then

if yi =
P

aij uj for 1 � i � d and aij 2 R are d `su�ciently general' linear

combinations of u1; � � � ; us, the ideal b = hy1; � � � ; ydi is a reduction of q and

f y1; � � � ; ydg is a systemof parametersof R.

Proof. See[29, p.112,Theorem14.14].

Remark 4.2.6. If R is a K -algebra,and R=m = K , then the linear combinations

can be taken to be K -linear combinations.

Remark 4.2.7. If R is Cohen-Macaulay, then x, a system of parametersin R, is

equivalent to an R-regularsequence.In this case,to computee(I ; M ) is to compute
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e(x; M ), which is dim R=I . For details, see[22, p.4, Propostion 1.5]and [32, p.312,

Theorem9].

Now we are going to talk about the intersectionmultiplicit y. For details, see[21,

p.361].

De�nition 4.2.8. If C and D are curvesin a projective spaceX with no common

irreduciblecomponent, and if p 2 C\ D, then wede�ne the intersection multiplicity

(C:D)p of C and D at p to be the length of Op;X =hf ; gi , where f ; g are local

equations of C; D at p. The length is the sameas the dimension of a C-vector

space,that is dimC Op;X =hf ; gi . Moreover, f f ; gg is a system of parameters for

Op;X , so (C:D)p = e(hf ; gi ; Op;X ).

Remark 4.2.9. Bezout's Theorem in P 1 � P1 Let C; D be curves in P1 � P1

with no common components. If C has type (m1; n1), and D has type (m2; n2),

whereC = V(f ) and D = V(g) with f ; g bihomogeneousof bidegree(m1; n1) and

(m2; n2), then

m1n2 + m2n1 =
X

p2 C\ D

(C:D)p

Proof. See[21, p.361,Example 1.4.3].

Now, we will give a formula for the multiplicit y of the basepoints.

De�nition 4.2.10. The degree of a surface in P 3 is the cardinality of the inter-

sectionof the surfaceand a genericline in P 3.

De�nition 4.2.11. The degree of a map � : P 1 � P1 ! P3 is j� � 1(y)j for a generic

y 2 Im(� ) = S. See[31, p.46]

Theorem 4.2.12. Suppose� : P 1 � P1 ! P3 is de�ned by homogeneous polyno-

mials a;b;c;d of bidegree (m; n) with no common factors. Let Z = f x 2 P 1 � P1 :

a(x) = b(x) = c(x) = d(x) = 0g be a �nite set of basepoints, I = ha;b;c;di , and
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let S = � (P1 � P1 � Z ) be the image. Assumedim S = 2. Then

2mn = degS deg� +
X

p2 Z

e(I p; Op) (4.1)

where Op = OP 1 � P 1 ;p, I p = h~a;~b; ~c; ~di , where ~a;~b; ~c; ~d are the elementsin Op deter-

mined by a;b;c;d, and e(I p; Op) is the multiplicity of I p as a Op-module.

Proof. Sincebasepoints are isolated, V(I p) = f pg implies m s
p � I p for somes by

Nullstellensatzwherem p � Op is the maximal ideal. Thus e(I p; Op) is de�ned, and

we call it the multiplicit y of the basepoint.

claim 1 : If I p = h~a;~b; ~c; ~di , then I p has a reduction ideal Jp which is generated

by a regular sequenceof Op, and the generatorsof Jp can be chosento be generic

C-linear combinations of ~a;~b;~c; ~d.

proof of claim 1: Applying Lemma 4.2.4,Theorem 4.2.5,and Remark 4.2.6,we

can �nd a reduction ideal Jp of I p, such that the generatorsof Jp are genericC-

linear combinations of ~a;~b;~c; ~d which form a systemof parametersof Op. SinceOp

is a regular local ring, it is a Cohen-Macaulay ring. By Remark 4.2.7,a systemof

parametersof Op is a regular sequence.This says that Jp is a reduction ideal of I p

which is generatedby a regular sequence,and we have

e(I p; Op) = e(Jp; Op) = dim(Op=Jp):

Thus claim 1 is proved.

Proof of Equation (4.1): � : P 1 � P1 ! P3 is de�ned by polynomials a;b;c;d

of bidegree(m; n) and S = � (P 1 � P1 � Z ) where Z = V(a;b;c;d). Consider

(� ; � ) � P3 � P3, where� = (� 1; � 2; � 3; � 4) and � = (� 1; � 2; � 3; � 4) are in P3: Let

f � = � 1a + � 2b+ � 3c + � 4d; and g� = � 1a + � 2b+ � 3c + � 4d;

with

C� = V(f � ) � P1 � P1; and C� = V(g� ) � P1 � P1:
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Considerthe inclusion map

i : P1 � P1 � Z ,! P3:

By Bertini's theoremthe variety C� is nonsingularoutsidethe basepoint set Z for

a \generic" � . That is, for � in an open densesubsetU of P 3, C� is nonsingular

outside Z . Now considerthe inclusion map

C� ,! P3:

If � 2 U, then C� is a curve and the f g� g� 2 P 3 is a linear system on C� . By

Bertini's theorem, there is an open denseset ~U such that if � 2 ~U, then C� \ C�

is nonsingular outside of Z . Thus we can choose� ; � such that C� ; C� intersect

transversally outside Z . By Bezout's theoremfor P 1 � P1, we have

2mn =
X

p2 C� \ C�

(C� :C� )p =
X

p2 C� \ C� � Z

(C� :C� )p +
X

p2 Z

(C� :C� )p

= the number of points in (C� \ C� � Z ) +
X

p2 Z

(C� :C� )p:

For a genericline L in P3,

degS = the cardinality of S \ L:

Lines in P3 are parametrizedby P3. Thus, there is an open densesubsetC�;� ;L of

P3, such that C� ; C� intersect transversally, and degS = the cardinality of S \ L.

That is,

the number of points in (C� \ C� � Z ) = the cardinality of � � 1(S \ L)

and is the sameas degS deg� . Therefore,we will have

2mn = degS deg� +
X

p2 Z

(C� :C� )p:
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wheredeg� = the cardinality of a preimageof a genericpoint in S.

According to claim 1, there is an open densesubsetof P 3 such that for each p 2

Z , Jp is generatedby C-linear combinations of ~a;~b;~c; ~d with e(I p; Op) = e(Jp; Op) =

dim(Op=Jp). Sincewe have �nitely many basepoints, there is an opendensesubset

U of P3 such that if � ; � ; L are chosen from U, then e(I p; Op) = e(Jp; Op) =

dim(Op=Jp) = (C� :C� )p; 8p 2 Z . Therefore,we have

2mn = degS deg� +
X

p2 Z

(C� :C� )p = degS deg� +
X

p2 Z

e(I p; Op):

4.3 Multiple Base Poin ts of Total Multiplicit y
k � mn

In this section,we will extend the method of moving quadrics to the casewhere

multiple basepoints are present.

Throughout this section, � will be a map � : P 1 � P1 ! P3 given by � (s :

u; t : v) = (a : b : c : d) wherea;b;c;d are bihomogeneouspolynomials of bidegree

(m; n), and I = ha;b;c;di . Someconditions on � related to the basepoints can be

imposed.Among them are:

BPC1: a(s;u; t; v); b(s;u; t; v); c(s;u; t; v); d(s;u; t; v) are bihomogeneousof bide-

greem; n and linearly independent over C.

BPC2: V(I ) consistsof a �nite number of basepoints with total multiplicit y k �

mn.

BPC3: the basepoints are LCI.

BPC4: dimC(R=I )2m� 1;2n� 1 = deg(V(I )).

BPC5: d 2 sat(a;b;c) and dim Syz(a;b;c)m� 1;n� 1 = 0 .

We explain the basepoint conditions as follow:

1. Condition BPC1 says that Im(� ) is not in any plane in P 3.
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2. The �niteness of V(I ) in condition BPC2 is equivalent to the assumptionthat

gcd(a;b;c;d) = 1, and k � mn , degS deg� � mn by Theorem4.2.12.

3. The LCI condition will give the relationship betweenthe syzygiesvanishingon

the basepoints and the Koszul syzygies.Sincethe basepoints are local complete

intersection, the degreeformula for the imageof the parametrization given in the

introduction involvesthe sum of the multiplicities of the basepoints. This equals

deg(V(I )) only when V(I ) is a local completeintersection.

4. Condition BPC4 is equivalent to the regularity conditions on I .

5. If we replacethe input polynomialswith genericlinear combinations of them,

condition BPC5 implies that the moving quadricscomingfrom the k linearly inde-

pendent moving planesby multiplying by x1; x2; x3; x4, are linearly independent.

Lemma 4.3.1. If � : P1 � P1 ! P3 satis�es basepoints conditions BPC1, BPC2,

BPC3, BPC4, then dim Syz(I )m� 1;n� 1 = k.

Proof. Considerthe following exact sequence:

0 ! Syz(I )m� 1;n� 1 ! R4
m� 1;n� 1

(a;b;c;d)
� � � � ! R2m� 1;2n� 1 ! (R=I )2m� 1;2n� 1 ! 0:

We have

dim Syz(I )m� 1;n� 1 = dim(R=I )2m� 1;2n� 1 � dim R2m� 1;2n� 1 + 4dim Rm� 1;n� 1

= dim(R=I )2m� 1;2n� 1:

Sinceat each basepoint, V(I )is a local completeintersection,wehave
P

p2 V(I ) ep =

deg(V(I )) = k whereep = ep(I p; Op). Thus, dim(R=I )2m� 1;2n� 1 = deg(V(I )) = k.

Therefore,we have dim Syz(I )m� 1;n� 1 = k.

Remark 4.3.2. Under the hypothesisof Lemma 4.3.1, the condition

dim Syz(I )m� 1;n� 1 = k
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meansthat there are exactly k linearly independent moving planes of bidegree

(m � 1; n � 1) which follow the parametrization � .

Lemma 4.3.3. If � : P1 � P1 ! P3 satis�es the conditions BPC1, BPC2, BPC3,

BPC4, then dim Syz(I 2)m� 1;n� 1 � mn + 3k.

Proof. We will prove the following claims.

Claim 1: Under the hypothesisof the lemma,sat(I 2) is (3m � 1; 3n � 1)-regular,

whereI = ha;b;c;di as usual.

Proof of the claim 1. Considerthe following exact sequence:

0 ! Syz(I 2)m� 1;n� 1 ! R10
m� 1;n� 1

(a2 ;��� ;d2 )
� � � � � ! R3m� 1;3n� 1 ! (R=I 2)3m� 1;3n� 1 ! 0:

We have

dim Syz(I 2)m� 1;n� 1 = dim(R=I 2)3m� 1;3n� 1 � dim R3m� 1;3n� 1 + 10dim Rm� 1;n� 1

= dim(R=I 2)3m� 1;3n� 1 + mn:

Sincedim(R=I )2m� 1;2n� 1 = deg(V(I )) = k, we know that I is (2m � 1; 2n � 1)-

regular by Theorem3.4.6.SinceV(I ) is �nite, the Krull dimensionof dim R=I = 2,

see[24, Lemma 1.2]. By Proposition 3.3.2 and Proposition 3.3.3 we know that

sat(I 2) is ((2 � 1)(2m � 1) + m; (2 � 1)(2n � 1) + n) = (3m � 1; 3n � 1)-regular.

Thus we showed that sat(I 2) is (3m � 1; 3n � 1)-regular.

Claim 2: For any ideal I , PI sat (r; r 0) = PI (r; r 0) where PI (r; r 0) is the bigraded

Hilbert polynomial of I .

Proof of the Claim 2: Let m be the irrelevant of R. Considerthe following exact

sequence[24, Corollary 1.5]:

0 ! H 0
m (I ) ! I ! � d;d0H 0(I (d;d0)) ! H 1

m (I ) ! 0:

H 0
m (I ) = (0 :m I ) = 0 since R is an integral domain. According to Remark

3.1.9, we have H 1
m (I ) = I sat=I . This means that I sat = � r ;r 0H 0(I (r; r 0)), and
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I sat
r ;r 0 = H 0(I (r; r 0)) = I r ;r 0, for r; r 0 � 0. Since the bigraded Hilbert polynomial

coincideswith the bigraded Hilbert function which measuresthe length of I r ;r 0

when r; r 0 � 0, we have PI sat (r; r 0) = PI (r; r 0). Thus we proved claim 2.

Claim 3: dim Syz(I 2)m� 1;n� 1 � mn + 3k.

Proof of the Claim 3: From the following exact sequence:

0 ! (I =I 2)r ;r 0 ! (R=I 2)r ;r 0 ! (R=I )r ;r 0 ! 0:

We have dim(R=I 2)r ;r 0 = dim(R=I )r ;r 0 + dim(I =I 2)r ;r 0: Sincedim(R=I )2m� 1;2n� 1 =

deg(V(I )) = k, it follows that dim(R=I ) r ;r 0 = k for r � 2m � 1; r 0 � 2n � 1. Hence

dim(R=I )r ;r 0 = k + dim(I =I 2)r ;r 0 for r � 2m � 1; r 0 � 2n � 1. Note, for r; r 0 � 0,

dim(I =I 2)r ;r 0 = PI =I 2 (r; r 0) wherePI =I 2 (r; r 0) is the bigradedHilbert polynomial of

I =I 2. Note that support of (I =I 2) (which meansthe bigraded prime ideals such

that I p=I 2
p 6= 0) is contained in V(I ). This is becauseif p =2 V(I ), then I * p,

and I p * pOp. SincepOp is a maximal ideal, then elements in I p are all invertible,

which meansthat I p = Op. ThereforeI p=I 2
p = 0 for all p =2 V(I ). Thus, the support

of I =I 2 is contained in V(I ). Since V(I ) is �nite, I =I 2 has a zero dimensional

support, dim H 0(P1� P1; I =I 2) = dim H 0(P1� P1; I =I 2(r; r 0)) whereI is the sheaf

associated to I , and H 0(P1 � P1; I =I 2(r; r 0)) = (I =I 2)r ;r 0 by [24, Theorem 1.6].

Therefore we have PI =I 2 (r; r 0) = dimC H 0(P1 � P1; I =I 2) =
P

p2 V(I ) dimC I p=I 2
p .

Therefore we have dim(I =I 2)r ;r 0 =
P

p2 V(I ) dimC I p=I 2
p : By Theorem 3.5.18, we

know that

X

p2 V(I )

dimC I p=I 2
p � 2

X

p2 V(I )

dimC Op=I p 8p 2 V(I );

where Op; I p are the localization at p, and the equality holds if only if I p is a

local completeintersection.SinceV(I ) is a local completeintersection,we have for
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r; r 0 >> 0,

dim(R=I 2)r ;r 0 = dim(R=I )r ;r 0+ dim(I =I 2)r ;r 0 = k+ 2
X

p2 V(I )

dimC Op=I p = 3k: (4.2)

By Claim 2, we know that PI sat (r; r 0) = PI (r; r 0). This says that dim(R=I 2)r ;r 0 =

dim(R=sat(I 2)) r ;r 0, for r; r 0 � 0. This combined with Equation (4.2) and sat(I 2)

being (3m � 1; 3n � 1)-regular will give dim(R=sat(I 2))3m� 1;3n� 1 = 3k.

Since I 2 � sat(I 2), we have dim(R=I 2)3m� 1;3n� 1 � dim(R=sat(I 2))3m� 1;3n� 1 =

3k. Therefore,Equation (4.2) becomes

dim Syz(I 2)m� 1;n� 1 = mn + dim(R=I 2)3m� 1;3n� 1 � mn + 3k:

Remark 4.3.4. Under the hypothesisof Lemma 4.3.3, the condition

dim Syz(I 2)m� 1;n� 1 � mn + 3k

meansthat there are at least mn + 3k linearly independent moving quadrics of

bidegree(m � 1; n � 1) which follows the parametrization � .

Lemma 4.3.5. Let F be a map suchthat

F : P1 � P1 ! Pn

F (x) = (F0(x) : � � � : Fn (x)), for all x 2 P1 � P1, with Fi a bihomogeneous

polynomial. Let Z (F ) denotethe basepoint setof F , that is Z (F ) = f x 2 P 1 � P1 :

F0(x) = � � � = Fn (x) = 0g. If dim F (P1 � P1) = m, then there existsa projection

map

� : Pn ! Pm

suchthat Z (� � F ) = Z(F ).
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Proof. If E � Pn is a subspaceof dimension d, then there exist L 0; � � � ; L n� d� 1

generic linear forms with E = V(L 0; � � � ; L n� d� 1). De�ne � E : Pn ! Pn� d� 1 by

� E (x) = (L 0(x) : � � � : L n� d� 1(x)) with Z (� E ) = E.

Claim : SupposeE \ F (P1 � P1) = ; , then Z(� E � F ) = Z(F ).

Proof of the claim : We will �rst show that Z (� E � F ) � Z (F ). If p =2 Z(F ),

then (F0(p) : � � � : Fn (p)) 2 Pn � E since F (P1 � P1) \ E = ; . This implies

that someL i (F (p)) 6= 0, so that p =2 Z(� E � F ). Therefore Z(� E � F ) � Z (F ).

On the other hand, if p 2 Z(F ), then Fi (p) = 0 for all i = 0; � � � ; n, this says

that all L j (F0(p) : � � � : Fn (p)) = 0 for j = 0; � � � ; n � d � 1. This says that

Z (F ) � Z (� E � F ).

Let V = F (P1 � P1), assumedim V = m, let E be the basepoint set of a

genericlinear systemwith dim E = n � m � 1 and E \ V = ; , then � E : Pn !

Pn� (n� m� 1)� 1 = Pm .

Theorem 4.3.6. Let � : P1 � P1 ! P3, with � (s : u; t : v) = (a : b : c : d),

where a;b;c;d 2 C[s;u; t; v] with bidegree (m; n), and the image is a surface. Let

Z (a;b;c;d) be the basepoint set of a;b;c;d, and let ep the multiplicity of each base

point p 2 Z(a;b;c;d). Then there are linear combinations a0; b0; c0 of a;b;c;d with

Z (a0; b0; c0) = Z (a;b;c;d), and the multiplicity of each basepoint is preserved.

Proof. First, show that Z (a0; b0; c0) = Z (a;b;c;d). Considerthe map � : P 1 � P1 !

P3, dim � (P1 � P1) = 2. In the proof of the Lemma 4.3.5, we can �nd E � P 3

with dim E = n � m � 1 = 3 � 2 � 1 = 0, that is E = f pg with p =2 � (P 1 � P1)

whereE = V(L 0(a;b;c;d); L 1(a;b;c;d); L 2(a;b;c;d)) with L i genericlinear forms.

Let a0 = L0(a;b;c;d); b0 = L1(a;b;c;d); c0 = L2(a;b;c;d), then according to the

Lemma 4.3.5Z(a;b;c;d) = Z(a0; b0; c0).
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Second,show the multiplicit y of each basepoint is preserved. By the Theorem

4.2.5 and the Remark 4.2.6 we can �nd a0
d; b0

d generic C-linear combinations of

ad; bd; cd; dd such that the ideal ha0
d; b0

di is a reduction ideal of had; bd; cd; ddi , and

f a0
d; b0

dg is a systemof parametersof OP 1 � P 1 ;p, wheread; bd; cd; dd are in the local

ring OP 1 � P 1 ;p with p 2 Z(a;b;c;d) determined by a;b;c;d. By Lemma 4.2.4, we

know that e(ha0
d; b0

di ; OP 1 � P 1 ;p) = e(had; bd; cd; ddi ; OP 1 � P 1 ;p). This says that the

multiplicit y of each basepoint is preserved.

Corollary 4.3.7. Suppose a;b;c;d 2 C[s;u; t; v] are bihomogeneous of bidegree

m; n with no commonfactor, and V(a;b;c;d) is a local completeintersection. If we

replace a;b;c with genericlinear combinationsof a;b;c;d, then wehaveV(a;b;c) =

V(a;b;c;d) as subschemesand d 2 sat(a;b;c).

Proof. Let p 2 V(a;b;c;d) and let I p � Op be the ideal generatedby a;b;c;d

in the local ring Op at p. By [4, Corollary 4.5.10],Op has a system of parame-

ters which generatesa reduction ideal Jp for I p. This system of parametersis a

regular sequenceif Op is Cohen-Macaulay, [4, Theorem2.12].Furthermore, Theo-

rem 4.2.5shows that the systemof parameterscan be chosento be genericlinear

combinations of generatorsof I p.

Let ~I p be the ideal of Op generatedby the linear combinations of a;b;c;d. Then

we have Jp � ~I p � I p, which givesthe inequalitiese(Jp) � e( ~I p) � e(I p):

If I p is a completeintersection, then it is the sameas all of its reduction ideals.

Thus Jp = I p. This shows that ( ~I )p = I p. Let a0; b0; c0 denote a generic linear

combination of a;b;c;d, such that V(a0; b0; c0) = V(a;b;c;d) have the samescheme

structure at p. When V(a;b;c;d) is a local completeintersection,this is true for all

its points, and it says that V(a0; b0; c0) = V(a;b;c;d) as schemes.If we replacethe

input polynomials with genericlinear combinations of them, we have V(a;b;c) =
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V(a;b;c;d) as schemes.This implies that sat(a;b;c) = sat(a;b;c;d). Therefore,

d 2 sat(a;b;c).

From now on we will replacea;b;c;d by a genericlinear combination of a;b;c;d

so that a;b;c has the properties indicated in Theorem 4.3.6 and Corollary 4.3.7.

Recall the 4mn � 4mn matrix M P which represents the map

M P : R4
m� 1;n� 1

(a;b;c;d)
� � � � ! R2m� 1;2n� 1

(A; B ; C; D) ! Aa + Bb+ Cc + Dd:

If we replacethe input polynomials by generic linear combinations of them, the

rank of the coe�cien t matrix M P will not change.

Let

M C : R3
m� 1;n� 1

(a;b;c)
� � � ! R2m� 1;2n� 1

(A; B ; C) ! Aa + Bb+ Cc

M C is represented by a matrix of size4mn � 3mn, and

dim Syz(a;b;c)m� 1;n� 1 = dim ker(M C):

Lemma 4.3.8. If � : P1 � P1 ! P3 satis�es the conditions BPC1, BPC2, BPC3,

BPC5, then the matrix M C hasmaximal rank.

Proof. SupposeM C does not have maximal rank, then dim ker(M C) 6= 0. This

meansdim Syz(a;b;c)m� 1;n� 1 6= 0, which contradicts our assumption.Therefore,

the matrix M C must have maximal rank.

Let V = V1 � V2 be the direct sum of two subspacesV1 and V2, and let W � V

be a subspacesuch that V1 \ W = f 0g. Then the projection � : V ! V2 along V1

satis�es ker� = V1, and ker� jW = W \ V1 = f 0g. In particular, � jW is injective,

so that dim W = dim � (W) := k. Let B = f v1; � � � ; vlg be a given basisof V2.
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Lemma 4.3.9. There is a subsetB1 = f vi 1 ; � � � ; vi k g � B and a basis C =

f w1; � � � ; wkg of W suchthat

� (we) = vi e + �we; where �we 2 Span(B n B1):

Proof. Let f ~w1; � � � ; ~wkg be an arbitrary basisof W. Then

� ( ~wi ) =
lX

j =1

aij vj :

Let A = [aij ]. Then multiply A on the left by an invertible matrix P so that

PA = Q, whereQ is in reducedrow echelon form. SinceA is a k � l matrix which

has rankA = k (becausedim � (W) = k), there are k columns i 1 < i 2 < � � � < i k

which contain a leading 1 in rows 1 to k. Let B1 = f vi 1 ; � � � ; vi k g. Let the basis

C = f w1; � � � ; wkg be de�ned by

2

6
6
6
6
4

w1

...

wk

3

7
7
7
7
5

= P

2

6
6
6
6
4

~w1

...

~wk

3

7
7
7
7
5

;

i.e. we =
P k

j =1 pej ~wj . Then

� (we) =
kX

j =1

pej � ( ~wj )

=
kX

j =1

pej

lX

r =1

aj r vr

= RoweQ

2

6
6
6
6
4

v1

...

vl

3

7
7
7
7
5

= vi e + �we

where �we 2 Span(B n B1).
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If P = A(s;u; t; v)x1 + B(s;u; t; v)x2 + C(s;u; t; v)x3 + D(s;u; t; v)x4 in the ring

C[s;u; t; v; x1; x2; x3; x4] is any moving plane, and L(x1; x2; x3; x4) is any homoge-

neouslinear polynomial. Then P � L is a moving quadric. Moreover, if P follows � ,

then P �L alsofollows� . If P is a setof moving planes,then P �L = f P �L : P 2 Pg.

Let P�;m � 1;n� 1 be the set of moving planesof bidegreem � 1; n � 1 which follow

� , i.e. (Am� 1;n� 1; Bm� 1;n� 1; Cm� 1;n� 1; Dm� 1;n� 1) 2 Syz(a;b;c;d)m� 1;n� 1.

Lemma 4.3.10. Let � = (a : b : c : d) as usual. AssumeSyz(a;b;c)m� 1;n� 1 = f 0g.

Let S = P�;m � 1;n� 1, and let dim S = k. Then Q =
P 4

i=1 Sx i is a vector space of

moving quadricswhich follow � , and dim Q = 4k.

Proof. Let V = R4
m� 1;n� 1, V1 = R3

m� 1;n� 1, V2 = Rm� 1;n� 1, W = S, and S \

V1 = Syz(a;b;c)m� 1;n� 1 = f 0g. Let B = f s� t � x4 : 0 � � � m � 1; 0 � � �

n � 1g. According to Lemma 4.3.9,there exist f (� 1; � 1); � � � ; (� k ; � k)g and a basis

f P1; � � � ; Pkg of S such that

Pi = s� i t � i x4 + other terms without s� j t � j x4

where i = 1; 2; � � � ; k, and j = 1; 2; � � � ; k but j 6= i . We claim that f Pi x j g
i = k;j =4
i =1 ;j =1

are linear independent. We only needto show that if
kX

i =1

(� i x1 + � i x2 + 
 i x3 + � i x4)Pi = 0

where� 1; � � � ; � k 2 C, we must have � 1 = � � � = � k = 0. SincePk contains the term

s� i t � i x4 term for each i , we must have

s� i t � i (� i x1x4 + � i x2x4 + 
 i x3x4 + � i x2
4) = 0; i = 1; 2; � � � ; k:

Sincewearein an integral domain,wemust have� i x1x4+ � i x2x4+ 
 i x3x4+ � i x2
4 = 0

which says � i = � i = 
 i = � i = 0 for i = 1; 2; � � � ; k. Therefore,the moving quadrics

coming from the moving planesare linearly independent. Thereforedim Q = 4k.
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Theorem 4.3.11. Let � = (a : b : c : d) as usual and assumethe basepoint set

satis�es BPC1 - BPC5, then dim Syz(I 2)m� 1;n� 1 = mn + 3k.

Proof. By Lemma 4.3.3, dim Syz(I 2)m� 1;n� 1 � mn + 3k. Let M Q : R10
m� 1;n� 1 !

R3m� 1;3n� 1 be the map M Q(A; B ; � � � ; J ) = Aa2 + Bab+ � � � + Jd2, so that

10mn � rankM Q = dim Syz(I 2)m� 1;n� 1

is the number of linearly independent moving quadrics.

Claim that rankM Q � 9mn � 3k.

To seethis, recall that in the proof of Lemma 4.3.10, we found an index set

f (� 1; � 1); � � � ; (� k ; � k)g and a basisof moving planesf P1; � � � ; Pkg such that

Pi = s� i t � i x4 + other terms without s� j t � j x4 (4.3)

where i = 1; 2; � � � ; k and j = 1; 2; � � � ; k but j 6= i . The columns of M Q are

indexedby

� = f s� t � x i x j : 0 � � � m � 1; 0 � � � n � 1; 1 � i � j � 4g:

Let

� P = f s� i t � i x j x4; s� t � x2
4 : 0 � i � k; 0 � � � m � 1; 0 � � � n � 1; 1 � j � 3g;

and let � 0 = � n � P , then j� 0j = 10mn � (mn + 3k) = 9mn � 3k. Let M Q0 be

the matrix obtained from M Q by deleting the columns indexed by � p. Thus the

nonzeroelements of kerM Q0 corresponds to nontrivial syzygies:

Aa2 + Bab+ Cac+ Dad+ Eb2 + F bc+ Gbd+ H c2 + I cd = 0 (4.4)

whereA; B ; � � � ; I are bihomogeneousof bidegree(m � 1; n � 1) and there are no

terms s� i t � i in D; G; I . Sinceevery term contains a;b;c, we obtain:

(Aa + Bb+ Cc + Dd)a + (Eb+ F c + Gd)b+ (H c + I d)c = 0
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The syzygy((Aa+ Bb+ Cc+ Dd); (Eb+ F c+ Gd); (H c+ I d)) of (a;b;c) hasbidegree

(2m � 1; 2n � 1) and it vanisheson the basepoint of (a;b;c) sinced 2 sat(a;b;c)

(since the basepoint condition BPC5 is satis�ed). Moreover, the basepoints of

a;b;c are LCI of total multiplicit y k. From Corollary 3.5.20we have:

Aa + Bb+ Cc + Dd = h1c + h2b

Eb+ F c + Gd = � h2a + h3c

H c + I d = � h1a � h3b

for bihomogeneouspolynomial h1; h2; h3 of bidegree(m � 1; n � 1). We can rewrite

the above equations,and we get:

Aa + (B � h2)b+ Cc + Dd = 0; (4.5)

h2a + Eb+ (F � h3)c + Gd = 0; (4.6)

h1a + h3b+ H c + I d = 0 (4.7)

We know that A; B ; � � � ; I are bihomogeneousof bidegree (m � 1; n � 1) and

there are no s� i t � i terms in D; G; I . Thus each equation in (4.5) is a nontrivial

syzygyon (a;b;c;d) which correspondsto a moving planeP with no s� i t � i x4 term

with 1 � i � k. But f P1; � � � ; Pkg is a basisof moving planes.Any nonzeromoving

planeP = c1P1 + � � � + ckPk must have somenonzeroterm s� i t � i x4, sinceif ci 6= 0,

then s� i t � i x4 appears.

Hence the nontrivial syzygiesfrom (4.5) cannot exist. Thus kerM Q0 = f 0g,

so dim M Q � rankM Q0 = 9mn � 3k. Therefore we proved our claim. Hence

dim Syz(I 2)m� 1;n� 1 = mn + 3k.

Remark 4.3.12. Under the hypothesisof Theorem4.3.11,the condition

Syz(I 2)m� 1;n� 1 = mn + 3k
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meansthat there are exactly mn + 3k linearly independent moving planesof bide-

gree(m � 1; n � 1) which follow the parametrization � .

Recall the construction of a mn � mn matrix M : the columnsof the matrix M

are indexedby the monomialbasisof Rm� 1;n� 1; the rows of the matrix are indexed

by certain linearly independent moving planesand moving quadrics.In particular,

we will choosethe basisof the moving planesasour k linearly independent moving

planes,and we will choosemn � k linearly independent moving quadricswhich are

complementary to the set of moving quadrics which are coming from the moving

planesby multiplying by f x i g4
i=1 .

Theorem 4.3.13. Let � : P1 � P1 ! P3 be the usual map and assume� is

generically one-to-one.If � satis�es basepoint conditions BPC1-BPC5, then the

imageof � is de�ned by the equation jM j = 0.

Proof. By Lemma 4.3.1,dim Syz(a;b;c;d)m� 1;n� 1 = k, and there is a basisof the

moving planesof the form

Pi = s� i t � i x4 + other terms without s� j t � j x4

wherei = 1; 2; � � � ; k, and j = 1; 2; � � � ; k but j 6= i by Lemma4.3.10.By Theorem

4.3.11,rankM Q = 9mn � 3k, the moving quadricsof bidegree(m � 1; n � 1) have

the form:

m� 1X

i =0

n� 1X

j =0

Qi;j (x1; x2; x3; x4)si t j =
m� 1X

i =0

n� 1X

j =0

X

1� p� q� 4

A ij ;pqxpxq (4.8)

The moving quadrics follows the parametrization if and only if

m� 1X

i =0

n� 1X

j =0

Qij (a;b;c;d) � 0:

Let V� 0,V� p be subspacesof V = R10
m� 1;n� 1 with basis� 0, � P respectively, where

� = f s� t � x i x j : 0 � � � m � 1; 0 � � � n � 1; 1 � i � j � 4g;
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� P = f s� i t � i x j x4; s� t � x2
4 : 0 � i � k; 0 � � � m � 1; 0 � � � n � 1; 1 � j � 3g:

and � 0 = � n� P , then V = V� 0� V� p . Syz(I 2)m� 1;n� 1 � V satis�es Syz(I 2)m� 1;n� 1 \

V� 0 = f 0g. This meansthat � : V ! V� P with � (v1 + v2) = v2 is the projection

onto V� P along V� 0. Then � jSyz(I 2 )m � 1;n � 1 is an isomorphism,sincewe have already

proved that dim Syz(I 2)m� 1;n� 1 = dim V� P = mn + 3k.

Let Qx j x4 ;i = � � 1(s� i t � i x j x4), for 1 � i � k, and 1 � j � 4. Since x j Pi 2

Syz(I 2)m� 1;n� 1, and � (x j Pi ) = s� i t � i x j x4, then x j Pi must be Qx j x4 ;i .

Let Q
 ;� = � � 1(s
 t � x2
4), where (
 ; � ) 2 f (� ; � )g n f (� i ; � i ); 1 � i � kg. These

mn � k moving quadricsare not comingfrom the moving planesby multiplication

by f x i g4
i=1 . Thus we �nd mn � k linearly independent moving quadricswhich are

not from multiplying a moving plane by f x i g4
i=1 . Theseare listed below:

Q
 ;� = x2
4s
 t � + terms not involving x2

4;

with 0 � 
 � m � 1; 0 � � � n � 1; 
 6= � 1; � � � ; � k ; � 6= � 1; � � � ; � k :

We have k moving planes

Pi = x4s� i t � i + other terms without x4s� i t � i ; i = 1; � � � ; k:

Now we construct a mn � mn matrix M as follow: the columns are indexed by

monomialbasisRm� 1;n� 1; the rowsare indexedby the basisof k moving planesand

the basisof mn � k moving quadrics;the entries of the matrix are the coe�cien ts

of the monomialss
 t � where0 � 
 � m � 1; 0 � � � n � 1 from the moving planes

and the moving quadrics.Thus the matrix M is
2

6
6
6
6
6
6
6
4

x 2
4 + � � �

x 2
4 + � � �

. . .
c0; 0 x 4 + � � � c0; 1 x 4 + � � � c0; 3 x 4 + � � � x 4 + � � � c� 1 ;� 1 +1 x 4 + � � �

. . .
ck ; 0 x 4 + � � � ck ; 1 x 4 + � � � ck ; 3 x 4 + � � � x 4 + � � � c� k ;� k +1 x 4 + � � �

x 2
4 + � � �

. . .

x 2
4 + � � �

3

7
7
7
7
7
7
7
5
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Note, there are mn � k rows of quadratic terms, and k row of linear term in

x1; x2; x3; x4. In thesemn � k quadratic rows, the terms involving x2
4 are on the

diagonal entries only. The linear row has terms involving x4 corresponding to the

column indexed by monomial s� i t � i , the entries corresponding to other columns

may or may not involve x4; we use ci;j 2 C to denote the coe�cien t of x4 in

thosecolumns.In this casewe can perform column operations to make the linear

rows have entries with x4 only in the column corresponding to s� i t � i . After the

operation, the matrix will look like the following:

~M =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

x2
4 + � � �

x2
4 + � � �

. . .

x4 + � � �

. . .

x4 + � � �

x2
4 + � � �

. . .

x2
4 + � � �

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

j ~M j contains the term x2mn � k
4 , which is from 2(mn � k) + k = 2mn � k, sincethe

diagonal entries give the highest degreein x4. Thus j ~M j is not identically zero.

Sincethe o�-diagonal entries have mn � k rows of quadratic terms in x1; x2; x3; x4

and k rows of linear terms in x1; x2; x3; x4, the total degreeof j ~M j is 2mn � k

in x1; x2; x3; x4. Moreover, by construction, the rows of the matrix are moving

quadrics and moving planesthat follow the surface.So for points on surface,the

columnsof M are linearly dependent, hencejM j vanishesfor points on the surface

and jM j = j ~M j. On the other hand, the degreeof the irreducible implicit equation
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of the surfaceis 2mn � k. This comesfrom the formula:

deg(� ) deg(S) = 2mn �
X

base points

multiplicit y of the basepoint.

Since � is generically one to one, and we have multiple basepoints with total

multiplicit y k, we will have degS = 2mn � k. Therefore jM j = 0 must be the

implicit equation of the imageof � .

Example 4.3.14. Considerthe following parametrization:

a = u2tv; b= u2t2 + suv2; c = s2tv; d = s2v2 + s2t2

Here m = n = 2, (0 : 1;0 : 1) is the basepoint of multiplicit y one. We �nd one

moving plane of bidegree(1; 1) which is

stx1 � sx2 � tx 3 + x4 = 0

and three linear independent moving quadric of bidegree(1; 1) which are:

(� s + 1)x1x3 � tx 1x4 + tx 2x3 = 0

� tx 1x3 � sx1x4 + (s + 1)x2x3 + tx 2
3 � x3x4 = 0

sx1x3 + stx2x3 � sx2x4 � x2
3 � tx 2x4 + x2

4 = 0

We get our matrix M :

M =

2

6
6
6
6
6
6
6
6
4

x4 � x3 x2 x1

x1x3 x2x3 � x1x4 � x1x3 0

� x3x4 + x2x3 x2
3 � x1x3 x2x3 � x1x4 0

� x2
3 + x2

4 � x3x4 x1x3 � x2x4 x2x3

3

7
7
7
7
7
7
7
7
5

jM j = � x4
4x3 + 2x3

4x2
1x2x3 + x2

4x2
1x2

2x3 + 4x2
4x3

1x2
3 � 2x4x3

1x2x2
3 � x2

4x1x2
2x2

3

� 2x4x1x3
2x2

3 + x4
1x3

3 � 6x4x2
1x2x3

3 + 2x2
1x2

2x3
3 + x4

2x3
3 � 2x3

1x4
3 + 2x1x2

2x4
3 + x2

1x5
3 = 0

which is the implicit equation.

104



Example 4.3.15. Considerthe following parametrization:

(a;b;c;d) = (u2t2v; u2t3 + suv3; s2tv2; s2v3 + s2t3):

Here, m = 2; n = 3 and (0 : 1;0 : 1) is the only basepoint of multiplicit y 2.

From Singular we get 2 moving planesand 4 moving quadricsof bidegree(1; 2) as

following:

� stx1 + sx2 + t2x3 � x4 = 0

st2x1 � stx2 + x3 = 0

st2x1x2 � (st � t)x1x3 � t2x1x4 � stx2
2 + tx 2x4 = 0

stx1x2 � (s � 1)x1x3 � tx 1x4 � sx2
2 + x2x4 = 0

� st2x2
1 + stx1x2 � (st + t)x1x4 + (st2 + t2)x2x3 � tx 2

3 = 0

� stx2
1 + sx1x2 � (s + 1)x1x4 + (st + t)x2x3 � x2

3 = 0

We form the matrix M :

M =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� x4 0 x3 x2 � x1 0

x3 0 0 0 � x2 x1

0 x2x4 + x1x3 0 � x1x3 � x2
2 x1x2 0

x1x3 + x2x4 � x1x4 0 � x1x3 � x2
2 x1x2 0

0 � x2
3 � x1x4 x2x3 0 x1x2 � x1x4 � x2

1 + x2x3

� x2
3 � x1x4 x2x3 0 x1x2 � x1x4 � x2

1 + x2x3 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

After computing jM j, we get:

jM j = � x5
4x5

1+ 2x4
4x3

1x2
2x3+ 2x3

4x4
1x2x2

3+ x2
4x4

1x2
2x2

3 � x3
4x1x4

2x2
3+ 5x2

4x5
1x3

3 � 2x4x5
1x2x3

3

� 2x2
4x2

1x3
2x3

3 � 2x4x2
1x4

2x3
3 + x6

1x4
3 + 4x2

4x3
1x2x4

3 � 9x4x3
1x2

2x4
3 + 2x3

1x3
2x4

3+

x6
2x4

3 + 5x4x4
1x5

3 � 6x4
1x2x5

3 + 3x1x4
2x5

3 + 3x2
1x2

2x6
3 + x3

1x7
3

jM j = 0 givesthe implicit equation. You can check by using Singular to do elimi-

nation.
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