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Abstract

SupposeS is a parametrizedsurfacein complexprojective 3-spaceP 2 given asthe
imageof :P! P!! P3 Theimplicitization problemisto computean implicit
equation F = 0 of S using the parametrization . An algorithm using syzygies
existsfor computing F if hasno basepoints, i.e. is everywherede ned. This
work is an extensionof this algorithm to the caseof a surfacewith multiple base
points of total multiplicit y k.

We accomplishthis in three chapters.In Chapter 2, we dewelop the conceptand
properties of Castelruovo-Mumford regularity in biprojective spaces.In Chapter
3, we give a criterion for regularity in biprojective spacesTheseresultsare applied

to the implicitization problem in Chapter 4.



1. Intro duction

1.1 Motiv ation for the Implicitization  Problems
We start with a simple example:The curve in Figure 1.1 is given by the following
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FIGURE 1.1.Curve

parametric equations:

X = t* 1

y = t(t* 1)

The implicitization problem is to corvert the parametrization into a de ning

equationfor the curve, which we nd is:

Parametric surfacesare widely usedin computer aided designprojects sinceit is
easyto descrike the points of the surfaceby meansof the parametervalues.Given
the parametric equations,the computer can evaluate for di erent parametervalues
and then plot the points. But it is hard to decidewhethera point is on the surface

which is parametrically presertied. For examplethe graphin
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FIGURE 1.2. Surface

Figure 1.2 is plotted by using the parametric represemation:

To answer the following question,it is usefulto have an implicit represemation
of a variety.
Question : Is the point (Xo;Yo; Zo) on the alove surfae?
Answer:

To decidethis questionfrom the knowledgeof the parametric equations,we need

to solve the equations

Xo = t(u? t?);
Yo = U
o = U t%

for t; u, if possible.

Trying to solwe theseequationsleadsto

2 2.2, 53— N
Xo Yozot+z5=0;



asa criterion for the solweability of the parametric equations.That is the implicit

y?z? + z3 = 0, an easily cheded criterion for deciding if a point

equation x2
1) is not on the

(Xo0; Yo; Zo) Is on the parametrized surface. For example, (1;2

surfacesince

12 22( 1)*+( 1*=1 4 1= 160

while (10; 3;5) is on the surfacesince
10 F5+5 =0

To descrike the set of points which are commonto two di erent parametrically

preserted surfacesis a dicult problem using the parametric descriptions. If the

surfacesare descriked by meansof external, i.e. implicit equations,then to nd
the set of common points of two surfacesreducesto the problem of nding the
commonsolutions of two explicitly given polynomial equations.This is a problem

which can be handled relatively easily For example, let's considerthe following

guestion:
Question : What is the intersection of the parametric surfaces S; and S,?

The surfaceS; (Figure 1.3)is given by the parametric represemation: Figure 1.3
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FIGURE 1.3. SurfaceS;



is plotted by using the parametric represemation given by:

. = 1 u?
o1+ u?
— 2u -

y = 1y

zZ = Vv

FIGURE 1.4. SurfaceS;

While S, (Figure 1.4) is given by:

X = uv;
y = Vv,
z = u%

Figure 1.5 s the picture of the intersection of the above two surfaces:lt is not
easyto descrile the intersectionif the surfacesare represeted parametrically. If
we useimplicit equationsto describe the surface,then nding intersectionsis just

to nd the solutions of the two polynomials:

The solution setis:
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Thus there is a needfor being able to go badk and forth betweena parametric
and an implicit description of a surface. This is, in essencethe implicitization
problem. Descrile algorithmsto produce an implicit equation of a surface for which
one knowsa parametric description.

We will work overthe eld C, sinceit is algebraicallyclosedand the comnutativ e

algebraneededs dewelopedover C. SupposeS is a parametrizedsurfacein complex

projective 3-spaceP? given asthe image of

Pt Pt oP3

where
= (a(s;u;t; v) : b(s;u;t; v) @ c(s;u;t; v) :d(s;u;t; v)):
where a;b;c;d 2 R = C[s;u;t; v] are bihomogeneouspolynomials of bidegree

(m;n). The map is known as a parametrization of the surface.Im( ) is a con-

structible subsetin P3. If is a generically one-to-onemap, then Im( ) has di-
mension?2, that is a surfaceS in P3. The closureof Im( ) is an algebraicsubset
of dimension2, and it can be expressedy an equation. The implicitization prob-

lem is to compute an implicit equation F = 0 of the closureof Im( ) using the

parametrization



1.2 Three Major Technigues

For any parametrization, we can nd the implicit equation via elimination of the
parameters.In practice, there are three methods used:resultants, Grobner bases,
and syzygies.

Resultart computations are basedon the methods deweloped by Macaulay [28],
Cayley [7], Bezout, Dixon [14]. The resultarnt cantell us whethertwo polynomials
have a commonfactor. To nd an implicit equation via resultants is to eliminate
a subsetof variablesfrom a set of polynomials.

For example,we can rewrite the parametric equationsof Figure 1.1 as the fol-

lowing equations:

—
N
—~
[EN
+
X
~
I
o

Then the SylvesterResultant of the above equationwith respectto t canbe written

asa determinart of 5 5 matrix N,

2 3

1 0 0 1 O

0 1 0 0O 1

N=8 (1+x) 0 1 1 0
0 1+x) 0 y 1

0 0 1+x) 0 vy

And the implicit equationfor the curveisjNj= x? x3+y?=0:

It is not an easytask to compute the implicit equationsvia resultarts. It often
involves an extraneousfactor and requiresa polynomial division to eliminate the
extraneousfactor.

Grebnerbaseswvereproposedby Buchberger[5] for e cien t computationin poly-

nomial rings. Many problemsabout idealsin polynomial rings can be attacked by



GrebnerbasesGrebnerbasescanbe usedto nd solutionsto a setof polynomials,
compute projections of their variety into lower dimensionalspacesand test poly-
nomialsfor ideal membership. With Grebnerbaseswe can computethe equations
satis ed by given elemens of an a ne or homogeneousoordinate ring. Geometri-
cally, this is the computation of the closureof the imageof an a ne or projective
variety under a morphism. This method requiresan ordering of the monomialsin
the polynomial ring. The algorithm gives a basesof the ideal generatedby the
parametric equations.This method will producethe implicit equationwithout any
extraneousfactor [3]. Let's usethe exampleof the equationsof Figure 1.1 again.
We will take the lex order in the ring K [x; y; t] by the variable orderingt > x > v,
whereK is an algebraicallyclosed eld. Using Mathematica, we nd the Grebner
basesof the ideal

M= (2 1)y t({t?> 21

fx2+x3 y% x xP+ty;tx  y;l t?+xg

The implicit equationis:

The rst polynomial in the Grobner baseseliminates the variable t, sincet is
the largest in the monomial order. This polynomial is the implicit equation of
our curve. Howevwer, in practice, Groebnerbasescalculationsrequire more time and
memory than resultant calculations (see[27] and [42)). Resultarts are still the
preferredchoiceto compute the implicit equations.

Syzygy techniques have beendeweloped recertly as a tool for nding implicit
equations. The rst introduction of syzygy-like techniquesin the implicitization

problem was the the use of moving lines to produce implicit equationsfor curves



by Sederlerg and Chen [36]. For curves,the goalis to nd the implicit equation

of a parametrizedcurve in the projective plane P2 given by
ptLop?

= (a(s;u) : B(s;u) < e(s;u));
wherea;b;c are homogeneougolynomialsin the polynomial ring C[s; u] of degree

n, and gcd(@; b;c) = 1. A movingline in P2 is a linear form
A(s;u)x; + B(s;u)x, + C(s;u)Xs;

whereA; B; C 2 C[s; u] arehomogeneousf the samedegree We say that a moving

line hasdegreek if A; B;C are homogeneou®f degreek. If
A(s;u)a(s;u) + B(s;u)b(s;u) + C(s;u)c(s;u) = 0; 8(s:u)2 P1;

then we say the moving line follows the parametrization . In the terminology of
commutativ e algebra,we say that (A; B; C) is a syzygyof (a;b;c), and we write this
as(A; B;C) 2 Syz(a; b;c), whereSyz(a; b;c) is the syzygymadule of (a; b;c) overthe
ring C[s;u]. We let Syz(a; b;c)x denotethe set of syzygies(A; B;C) with A;B;C
homogeneouf degreek. Syz(a;b;c)y is a vector spaceover C which consistsof
the moving lines of degreek. The number of linearly independert moving lines of

degreek is the dimensionof the kernel of the following map:

b
R P Ry

(A;B;C)! Aa+ Bb+ Cc

whereR = C[s;u] and Ry denotesthe homogeneousormsof degreek. If k = n 1,

we have n linearly independent moving lines of degreen 1 of the form
X1 . :
Aixi+ Bixa+ Cixg = Lj (Xa;X2i Xa)gu"
j=0



where (Ai;Bi;Cij) 2 SyZa;b;c), ; are homogeneougpolynomialsin s;u [9]. We
can usethesen moving linesto constructan n  n matrix, wherethe columnsof
the matrix are indexed by the monomial basesof R,, 1, the rows of the matrix
are indexed by the linearly independert moving lines Ajx; + hx, + Cixs, and the
ertries of the matrix are the coe cien ts L (X1;X2;X3) of §t" 1 1 in the moving
lines.

The following result is provedin [12):

Theorem 1.2.1. The implicit equationof is F = 0, whee
F" = det(Lj (X1;X2; X3))

and h is the genericdeggree of : P! P2,

This theorem usessmaller determinarts than the classicalmethodsto nd the
implicit equation of the parametrized curve. Shortly after that, Cox, Goldman
and Zhang extendedtheseideasto shawv the validity of implicitization by moving
quadricsfor rational surfaceswith no basepoints. No basepoints meansthat the
parametric equation is de ned for all valuesof the projective parameter. In case

there is no basepoint and the parametrization is given by
Pt Pt1I P?
= (a(s;ustv) T h(s;ust;v) D e(s;u; t; v); d(s; ust; v)):
wherea;b;c;d 2 R = CJ[s;u;t; v] arebihomogeneougolynomialsof bidegree(m; n)
and gcd(a;b;c;d) = 1, the goal is to compute the implicit equation F = 0 of

Im( ). In the paper [10], the conceptsof moving planesand moving quadrics are

introduced. A moving plane is a linear form

AX;+ BXy+ Cxz+ DXy4 2 R[X1; X2; X3; X4];



and a moving plane follows the parametrization if

A(p)a(p) + B(p)b(p) + C(p)c(p) + D(p)d(p) = 0; 8p=(s:u;t:v)2 P Ph

This is equivalert to saying that (A; B;C;D) 2 Syz(a;b;c;d), where Syz(a; b;c;d)
is the syzygymodule of (a; b;c;d) overthe ring R = CJ[s;u;t; v]. Similarly, a moving

quadric is a quadric form
AXZ+ BXiXo+  + JX5 2 R[X1; X2; Xa; Xa];
and the moving quadric follows the parametrization if

A(Pa(p)’+ B(PBp)*+ +JI(Pd(P?=0; 8p=(s:ut:v)2P' P&
This is equivalert to saying that (A;B; ;J) 2 Syz@?ab; ;d?). In analogy
with moving lines, the moving planesand moving quadrics of bidegree(k;I) are
denotedby Syz(a;b;c;d)x;, Syz@? ab; ;d?)., respectively. Let Ry, denotethe
bihomogeneoudorms of bidegree(k;I) in s;u;t; v, and considerthe map:

(A;B;C;D)! Aa+ Bb+ Cc+ Dd:

This map can be represeted by a mn  mn matrix and
dim(Syz(a; b;c;d)y, 1.n 1) = dimker(M P):
Also, there is a map:
(aZ;ab; ;d?)

MQ:Rr%nol;nl !

RSm 1;3n 1
(A;B; ;J)! Aa’+ Bab+ + Jd%

This map can be represeted by a 9mn  10mn matrix and

dim(Syz(@% ab; ;d*)m 1. 1) = dimker(M Q):

10



If we constructanmn mn matrix M whosecolumnsareindexedby the monomial
basef Ry, 1.n 1, the rowsareindexedby linearly independent moving planesand
moving quadrics, and the erntries of the matrix are the coe cien ts of the moving
planesand moving quadricswith respect to the monomial basesof Ry, 1.1 1.

The result of [9], [1Q] says:

Theorem 1.2.2. If :P! P!! P23 hasno basepoints andis generially one-to-
one, then dim(Syz(a; b;c;d)m 1n 1) = 0, dim(Syz@%ab; ;d*)m 1n 1) = mMn,

and the implicit equation of the surface S P2 parametrized by is
F = det(M);

whele M is the matrix descriled alove.

Current researt is directed to the casewhere base points are presen. Cox
and Sdend [11] gave a nice theorem about the syzygieswhen base points are
presen. Recertly, Cox, Buse, and D'Andrea [6] producedan algorithm for nding
animplicit equationof a rational surfacefor the parametrization :P2! P2 with
basepoints presen. Cox [9] alsogave conjecturesabout the algorithm for nding an
implicit equation of a rational surfacefor the parametrization :P! P! P3
with basepoints presen. My researt is concernedwith the problem of nding
implicit equationsof rational surfacesfor the parametrization :P! P!! P3

with basepoints via syzygies.

1.3 Questions When Base Points App ear

Let's still considerthe caseof a parametrization
Pt P PP
= (a(s;u;t;v) : b(s;u;t; v) @ c(s;u;t; v) : d(s;u;t; v);

11



where a;b;c;d 2 R = C[s;u;t;v] are bihomogeneouspolynomials of bidegree
(m;n), gcd(@;b;c;d) = 1. Let | = ha;b;c;di. The base points are the common
zerosof a;b;c;d, i.e. V(I), the variety of the ideal I . We assumeV(l) is a nite
subsetof P P1,

Three questionsarise when basepoints are presert:
Question 1: What is dim Syz( );m 1.0 1?
Question 2: What is dim Syz(1 ?)m 1n 1?
Question 3: Will jMj = 0 de ne the imageof ? M is constructed as descriled
before Theorem 1.2.2 in Section 1.2.

The goal of this dissertation is to answer these questions. We will prove the

following theorems.

De nition  1.3.1. The base points are local complete intersection (LCI) if for
ewery point p 2 V(I), I, is a complete intersection ideal. This meansthat | is

generatedby 2 elemetts of O,.

Theorem 1.3.2.
_ X
dim(Syz(l)m 1n 1) = e(l;p) =k

p2V(l)

whee &I ; p) denotesthe multiplicity of the base point, provided
1. there are nitely many basepoints and the basepoints are LCI.
2. k= dlm(R=|)2m 12n 1 mn.

De nition  1.3.3. For a bigradedideal | R = CJ[Xy; 1 Xm: Yo, :Yn] Where
bidegreeof x; is (1;0) and bidegreeof y; is (0; 1). The saturation of | is de ned to
be

Isat:fsz:(Xiyj)kf2|;O i m;0 | n;for somekg:

12



| 8 js the largestideal cortaining | sudc that locally | 5 de nes the sameideal
asl, that is V() = V(1) asa setand "= & assheaesin P™ P" de ned

by | and | &,

Theorem 1.3.4. In addition to the conditions in Theorem 1.3.2, assumed 2

sat(a; b;c) and dim(Syz(a;b;C);m 1.n 1) = 0. Then
dim(Syz( )m 1n 1) = mn + 3k:

Theorem 1.3.5. Under the conditions of Theorem 1.3.2 and Theorem 1.3.4,

jMj = 0 is the implicit equation of the image of

1.4 Dissertation Overview

The proofs of Theorem 1.3.2, Theorem 1.3.4,and Theorem 1.3.5will require the
dewelopmen of somebadground material. Someof thesetopics to be dewloped
in Chapter 2, Chapter 3, Chapter 4 are asfollows:

Regularit y for Bipro jectiv e Space: SupposeJ is a homogeneousdeal in a
gradedring A. The regularity of J, denotedby reg(J), is the smallestinteger suc
that Jx = Ay for all k  reg(J). In general,regularity of a module is computed
from the minimal free resolution of the module. Sincewe are working in the case
of P P!, we needto extend theseconceptsto the bigraded modulesin bipro-
jective spacesIn simpleterms, if | is a bihomogeneousdeal in bigradedring R,
then reg(l) = (p;p% where p;p° are the smallestintegerssud that lyxo = Ryo
forall k pandk® p° The current de nitions and properties about regularity
only apply to gradedmodules.We will dewelopde nitions and properties of (p; p9-
regularity for coheren sheaeson P™ P" similar to Castelruovo-Mumford's
regularity [31] for coheren sheareson P™. We will alsogive a de nition of weak

(p; p9-regularity for a bigraded module similar to the work of Johnston, Katz [26]

13



and Ooishi [33]. Howeer, in attempting to generalizea theoremsud as[1, De ni-
tion 3.2]for freeresolutionsof bigradedmodules,the conditions for weakregularity
are inadequate. Therefore, we de ne a new concept, called strong regularity, and
we will prove a relationship betweenstrong regularity of a bigraded module and
the minimal free resolution of the module. This work was done in collaboration
with Dr. J. William Ho man and is included in Chapter 2.

Regularit y and Saturation: In Chapter 3, wede ne what it meansfor a bigraded
ideal to be weakly (p; p9-saturated. This extendssomeof Bayer and Stillman's [2]
results concerningsaturation and regularity to the situation of a bigraded ideal.
We will discusssomeequivalenceconditions betweenweakly (p; p%-saturated and
weakly (p; p9-regular, and give a criterion for an bigradedideal to be weakly (p; p9-
regular. With the properties of weak saturation and weak regularity, we are able
to provide a formula to compute the weak regularity of the saturation of a power
of a bigraded ideal. This is similar to the results for a graded ideal indicated in
Chandler's paper [8]. With the tools of regularity and saturation we will give a
relation betweena bigradedideal | in a bigradedring R being (p;p9-regular and
the dimensionof dim(R=I)p,. This work is a modi ed versionof Cox, Buse, and
D'Andrea [6]. Recernly, Cox and Sdend [11] have shovn that the module of
syzygiesvanishingat V(1) is generatedby the Koszul syzygiesif and only if V(1)
is a local complete intersection. We will extend these theoremsto the bigraded
case.

Implicitization:  In Chapter 4, we give the main result of the dissertation. We will
provethat the algorithm conjecturedby Cox [9] for producingthe implicit equation
of a rational surfacefrom a parametrization : P! P!! P3 with basepoints
via syzygiesis valid. The key to the syzygy method is nding a square matrix

M, in which the rows are formed by the coe cien ts of certain moving planesand

14



moving quadrics. The degreeof the determinart of the matrix M is the degreeof
the surface.The conditions for nding the appropriate number of moving planes
and moving quadrics of a certain degreeare basedon properties of the regularity
and the saturation of the bigraded ideal | = ha;b;c;di. In order to prove that
the method will producethe implicit equation, we will alsoneedto shawv that the
determinart of the matrix M does not vanish identically. The syzygy algorithm
for nding implicit equationsof parametric surfaceswith basepoints usessmaller

determinarts than resultans.

15



2. Casteln uovo-Mumford Regularit y in
Bipro jectiv e Spaces

2.1 Intro duction

In chapter 14 of [30] Mumford introducedthe conceptof regularity for a coheren
sheafF on projective spaceP": F is p-regularif, for all i 1 we have vanishing
for the twists

H (P"; F (k) = 0; forallk+i=p:

This in turn implies the stronger condition of vanishingfor k + i~ p. Regularity
was investigated later by se\eral people, notably Bayer and Mumford [1], Bayer
and Stillman [2], Eiserbud and Goto [16], and Ooishi[33]. Let R = K [Xq;:::; X, ] be
the polynomial algebrain n + 1 variablesover a eld K, gradedin the usual way.
If M is a nitely generatedgraded R-module, then the local cohomologygroups
HI (M) with respectto the idealm = (xo;:::;;X,) are gradedin a natural way and

we sgy that M is p-regular if
H (M), =0 forallk+i p+1
If F is the coheren sheafon P" assaiated with M in the usual way, we have
H (M), = H(P", F(k)) foralli 1

which shaws the compatibility of thesede nitions (see[41, Lemma 1.8]). An im-

portant result in this theory is:

Theorem 2.1.1. (see [1, De nition 3.2]) SuppseK is a eld and | R is a
gradel ideal. Then | is p-regular if and only if the minimal free graded resolution

of | hasthe form



wheedege,;) p+iforalli O.

The conditions of p-regularity can be derived quasi-axiomatically from the fol-

lowing considerations.One seeksa condition of the form:
Hr‘n(M)kz Oalli O allk2 Ci(p) =) RsMp= Mpsalls O (2.1)
for certain regionsCi(p) Z. One postulates:

1. For eadh i, the region Ci(p) is independen of the number n + 1 of variables.

2. If M is p-regularin the senseof the left-hand side of (2.1), then for a generic

linear form x 2 Ry, M = M=xM s p-regular over R = R=xR.

First, whenn + 1 = 0, that is, we are consideringgraded K -modules, sincem =
(0), we have H% (M) = M, and sinceRs = O for s 1, property (2.1) forces
My = H2 (M), =0fork p+ lin this case,;sowesetCo=fk:k p+ 1g. By
principle 1., this must hold for all n. Assumingthat m 2 Ass(M) where Ass(M )
denotesthe asseiated primesfor M, and K is in nite, then x may be chosenso

that we have an exact sequence
0 ' XM =M( 1) I M I M 0
which givesrise to the long exact sequencen cohomology We have

HO (M), I HS M ‘ I HE(M( 1), = HLE (M), ;:

In orderthat we have H2 M , = Ofork p+ 1, asis demandedby principle 2.,
we must have HY, (M), = Ofor k p. In a similar way, we obtain the vanishing
regionfor HZ (M), from that of H} (M),, etc.,andwe nd that they are exactly
the conditions of p-regularity given. Of course,one deducesproperty (2.1) from
the de nition of p-regularity, by induction on the number of variablesn + 1, by a

reversal of the above steps.

17



The other essetial feature of p-regularity is that
3. R is O-regular.

Note: H'(P"; O(k)) = O for all i landi+ k 0. This follows from Serre's
calculations of the cohomologyof the invertible sheares O(k) on P" ([38]), as
reinterpreted by Grothendied in the languageof local cohomology(combine [19,
Prop. (2.1.5)] with [20, Exp. I, Prop. 5]).

Our de nition of regularity for bigraded modulesfollows this pattern. Let R =
K[X;y] = K[Xo;:: Xm: Yo; ::;¥nl, Which is bigraded in the usual way. Let m =
(xy) = (xiy;) be the irrelevant ideal. We seekregions C;(p;p?) Z? with the
property that

Hiy (M)0= 0;8i  0;8(k; k9 2 Ci(p;p?) (2.2)

RS;SOM p,po = M p+ S;p0+ SO; 88; SO O

One postulatesthe analogsof 1. and 2. above. For 2. we needregularity for both
M=xM and M=yM for genericx 2 Ry, andy 2 Rg.;. This leadsto regionscalled
Reg 1(p;pY (the shifti! i 1is explainedlater). We are able to prove analogs
in this setting of many of the classicalresults of regularity for gradedmodules(see
Theorem 2.3.4 and Proposition 2.3.5). Actually, we rst do a separatetreatment
for sheaes, the way Mumford did (Propositions 2.2.7 and 2.2.8). Howeer, in
attempting to generalizeTheorem2.1.1to a structure theoremfor freeresolutions
for bigraded modules, the conditions we have proposedare seento be inadequate.
Therefore, we de ne a new concept of strong regularity and prove that it does
indeed give the structure theorem that we want (Theorem 2.4.10). This involves

vanishingconditionson H, (M) for ead of the threeidealsl = (x); (y); (x;y). The
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previous notion of regularity is now called weak regularity. We shaw that strong
regularity implies weak regularity, and that R itself is strongly (0; 0)-regular. As
far aswe candetermine, there is no simple vanishing condition for H, , (M) alone
that implies the structure theoremthat we want.

In the last sectionwe write down a free resolution that permits computation of
H' (M). Wewill alsogive an exampleto show that weakly regular doesnot imply

strongly regular.

2.2 Regularit y for Coherent Sheaves

First, we will give the de nition and someproperties of regularity of a coheren
sheafsimilar to the treatment of Mumford [30, Ch. 14]. Let K be a eld, and
R = K[Xo; ;Xm:Yo; :Yn] be the polynomial ring, bigraded with variables x

having bidegree(1; 0) and variablesy having bidegree(0; 1). We let

M
m=R; = Rab;
a>0;b>0

be the irrelevantideal. Some of the general theory of graded and multigraded
algebrasusedhere can be found in [17], [1§].

Let X = P™ P", which whenregardedasa scheme,is Proj (R), whereby def-
inition, this is the set of bigraded prime idealsp that do not cortain the irrelevant
idealm. There are projections p; and p, of X onto its two factors. If F; is a sheaf

of Opm-modules,and F» is a sheafof Opn-modules, we denote
F1 F.=pF1 p,Fz; an Ox-module:

As in the usualcaseof projective spacethereis afunctor M ! NI from bigraded
R-modulesto quasi-coherensheaeson X , and every quasi-coherensheafF arises

this way, in a nonunique fashion. In fact, if

M
M = H® (X; F (a;b))
(a;h)222
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then F = Nr. Here, for any sheafof Oy -modulesF , we denote
F(a;bh=F Ox(a;b

whereOx (a;b) = Opm(a) Opn(b) is the invertible sheafassaiated to the graded
R-module R(a;b). Recallthat if M is any gradedR-module, M (a;b) is the graded
module with degreesshifted via M (a;0)ge = Mg+ ae+p. If Z is a stheme, tensor
products involving Oz-modules will always be relative to Oz unless otherwise
stated.

Whenm 1,andn 1, the Picard group Pic(X) is isomorphicwith Z2 with
(a;b) correspnding to Oy (a;b). Interpreting the Picard group as the group of
divisor-classesQx (a;b) correspndsto the divisor aL, + bL,, whereL, = H;
P", H;  P™ being any hyperplane,and L, = P™ H,, H, P" being any
hyperplane.

Note the specialcaseif m or n is 0, the biprojective spacereduceso a projective
space.Exceptin the casewhereboth are 0, the Picard group Pic(X) is isomorphic
with Z. If both are 0, the spacereducesto a point, and its Picard group is trivial.
Evenin thesedegeneratecaseswe still usenotations sut asF (a;b), whereoneor

other twisting by a or b might be trivial.

De nition 2.2.1. For ead integeri > 0, let

St = f(r;s)22%:r+s= i 1,r<0; s<0g

= f(0 L;(i+L 252 i+1):(1L Ho

Fori O, let

St; f(r;:s)2z%:r+s= iir 0Os 0Og

fC50); (0 L1y (@ 0 150 i)
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For eadh (p;p?) 2 Z2 let Sti(p;p) = (p;P?) + Sti.

Fori 0O, let Reg(p;p% = Z2 + St;(p;p% whereZ, =fn2Z:n O0g.
Fori= 1,let Reg 1(p;p) = Z2 + (p+ L p°+ 1).

Let Red;(p;p%) = (p+ L,p) + Z2.

Let Red”(p;p) = (p;p°+ 1)+ Z3.

Fori 0,dene DReg(p;p?) = Z? + St ;(p;p% whereZ =fn2Z:n 0Og.

Note that, for all i 1,

0

Reg(p;ph) = Z°\ f(x;y)2R%*jx p iy y p° i x+y p+p® i 1g

and, foralli O,
DReg(p;p) = Reg.( p+ 1 p’+1)

Remark 2.2.2 Fori 0, and for all p;p° we have

[ERN

(kK9 2 sti(pip)) (kLK (kKO 1) 2 Stiva (p;p9.

N

. Sti(p; ) 2 Reg(p; .

w

(kY2 Reg(p;pd)) (K 1;k9:(k;k° 1) 2 Reg.q (p;p?.

4. Reg(q®) Reg(p;p?, ifqg p;® po

ol

. (k;k9 2 Red 1 (p;p) =) (k  1;,k9 2 Reg(p; p).

(o2}

. (k;k9 2 Red(p;p?) =) (k;k® 1) 2 Regy(p;p).

Figure 1. and Figure 2. are pictures for Reg(p;p% and DReg(p;p?:

Using thesenotations, we make the following de nition.

De nition  2.2.3. Let F be a coheren sheafon X . We will say that F is (p;p9-
regular if, forall i 1,

H'(X;F (k;k9) = 0
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(P.p).

(p-i,p-1)

Regi (P, )

(p-1,p'-i)
FIGURE 2.1.Reg(p:p9

wheneer (k; k9 2 St;(p;p9.

Remark 2.2.4 If n= 0,P™ P%= P™ soewry coheren sheafon P™ PO is
naturally idertied with a sheafon P™. The sheafF (p;p? is independen of p°
Under this identi cation, F is (p;p9-regularonP™ P9 in the senseof De nition

2.2.3,if and only if F is p-regularon P™ in the senseof Mumford.

Proof. First, we will show that (p;p9-regular implies p-regular.

In this case,F (k;k9 = F (k). F is (p;p9)-regular meansthat for all i 1,
H'(P™ P F(kk9) = H'(P™F(K) = 0,

wherep i k p 1.Sincek+ i p, accordingto [30, p. 100],F is p-regular.
Second,we will shav that F is p-regular implies (p; p9-regular.

If F is p-regular,then H'(P™; F (k)) = O whenewerk + i p, this implies
H'(P™ P%F(k;k9) =0
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(P.p+i)

DRegi (p.p)

- " (p+i,p)
(p.p)

FIGURE 2.2. DReg(p;p9

for any k°2 Z. In particular, H'(P™ P9 F (k;k9) = 0for all (k;k% 2 St;(p;p9.

Therefore,F is (p; p9)-regular. O
Prop osition 2.2.5. Oy is (0; 0)-regular.

Proof. If m or n = 0, by the previousremark, Oy is (0;0)-regular, Oy is O-

regular. But Opnm is O-regularsince

H* (P™; Opm (k)

0;ifa landa+k O (2.3)

HO(P™; Opm(k)) = O ifk 1 (2.4)

Theseformulasare a consequencef Serre'sresultson the cohomologyof projective
space.[2]]

If mandn 1, wecanapply the Kenneth formula [35],

_ M
H (X: Opm(k) Opn(k9) = H2(P™:; Opm(k)) HP(P™: Opn(KY):
a+b=i
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We will shav that H2 (P™; Opm (K)) = 0or H°(P"; Opn (k9) = O whenewera+ b=

i and (k; k9 2 St;(0;0). If (k;k% 2 St;(0;0),thenk = i+landk®= 1 | where

0O | i 1.1fa= 0orb= 0, wearedoneby Equation (2.4), sincek;k®< 0. If
a> 0,and b> 0, weonly needto shova i+l Oorb 1 | 0. Suppose
botha i+ landb 1 | 1. Sincea+ b= 1,

1=(a i+h)+® 1 1) 2

This cortradiction shovsthat eithera i+1 Oorb 1 | 0, andthe proof

is completedby Equation (2.4). O

Lemma 2.2.6. Assumethat K is innite, andthat m 1. Let F be a coheent
shafon X . LetL, bea hyperplanede ned byP i”;O ax; = 0,andletF_, = F O,
denotethe shaf F restricted to L. If F is (p;pY)-regular, thenF | is (p;pY-regular
for agenericL . The similar statementis true for hyperplanesL , de ned by a form

", by = O assumingn 1.

Proof. GivenF, choosea hyperplanel 1, whereL ; is de ned by an equationof the
form f = P i”;o a;Xj = 0, sud that L, doesnot cortain any of points of the nite
set of assaiated primes A(F) (for the de nition of this, see[30, p.40]). Note that
this is possible:A(F) is nite, and becauseK isin nite, we can nd a linear form

missingthe p;-projections of the assaiated primes. Tensorthe exact sequence

0 ! Ox( 20) " O ! O, ' 0

with F(k;k9. For all x 2 X, multiplication by f is injective in Fy, since by
construction, f is a unit at all ass@iated primes of F,. Therefore the resulting
sequencas exact:

0 ! Fkk LKy "t FkkKky ! F OLKK)=F (k) ! 0

(2.5)

24



This givesan exact cohomologysequence:
I H'(F (k;k9) I HY(FL,(k; K9) I H"*Y(F(k 1LKk9 !

Note, H'(F) = H'(X;F). If (k;k9 2 Sti(p;p9, then (k  1;k9 2 Stis1 (p;p% by
Remark 2.2.2,and the rst and the last groupsvanishwheni 1, sincewe are
assumingthat F is (p;p9-regular. This forcesthe secondgroup to vanish, thus

proving that F . is (p;p9-regular. O

Prop osition 2.2.7. If F is a (p;pY-regular coheent shafon X = P™ P", then
foralli 1,

H (X;F(k;k9) = 0 (2.6)
whenever(k; k9 2 Reg(p;p?. That is, F is (q; )-regular for g p; o®¢ p°

Proof. We will prove (2.6) by double induction on (m;n). If m = 0orn = 0, by
Remark 2.2.4(p; p9-regularity reducesto ordinary p-regularity or p%regularity for
projective space,and (2.6) is true by Mumford's result [30]. So assumem 1
andn 1. Every elemen of Reg(p;p?) is of the form (k + r;k°+ s) for some
(k;k9 2 Sti(p;p9, and (r;s)  (0;0). Now we will do double induction on the
pair (r;s). The case(r;s) = (0;0) is true by assumptionof (p;p9-regularity for
F. Choosea hyperplaneL; asin Lemma 2.2.6 such that F_, is (p;p%-regular.
Considerthe cohomologyexact sequencettachedto (2.5) with (k; k9 replacedby

(k+ 1+ Lk+ s):
H(F (k+ r;k%+ s)) I HI(F(k+r+ Lk+ 9) I HI(FL,(k+ 1+ LK+ s))

SinceF , is (p;p%-regular, and sincelL ; is a biprojective spaceof lower dimension,
the induction hypothesissays that the right-hand term is 0. The left-hand sidealso
vanishes,by the induction hypothesison (r;s). Hencethe middle term vanishes,

asrequired. A symmetric argumen shows vanishingfor (k + r;k°+ s+ 1). O
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Prop osition 2.2.8. If F is a (p;pY-regular coheent shaf on X, then

HO(X;F (k;k9) is spanned by

HOOGF(k 1,k9)  HO(X;0(1;0));
if k> p;k® p°; andit is spanned by

HOGF(kK® 1)) H(X;0(0;1));
if k p;kO> p°

Proof. We useinduction ondim(X): for dim(X) = 0, the resultis true. By Lemma

2.2.6,we know that F, is (p;p9-regular. Considerthe following diagram:

HOF (K 1k9) HOOx(1;0) ! HO(FL(k 1KY HOOL,(10)
y y
Ho(ng;k%) ! HO(F,(k; k9)
?

HO(F(k  1,k9)
If k> pandk® p°% is surjective becauseF is (p;p%-regular, and H(F (k
2,k9) = 0. is surjective by induction hypothesis. is also surjective, since
HYF(k 1K) = 0.
Lett 2 HO(F (k; k%), wehave (t)= (s)= (s9 for some

s2 H(F_,(k 1,k9) H°O,,(1;0); ands’2 Ho(F(k 1;k9) HO°Oq(1;0)):

Wehave ( (s9) = ( (s9) = (1), andt (s9 2 ker( ). Sincethe last row of
the diagram is exact in the middle, sowe have t°2 HO(F (k  1;k9) sud that
(9=t (s9. This saysthat HO(F (k; k9) is spannedby the imageof andthe

imageof .But theimageof isin HO(F(k 1;k9) HO(O(1;0)), becausehe map
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is the multiplication by f, and f 2 H%(O(1;0)). This meansthat H°(F (k; k9)
is spannedby

HO(F(k Lk9) H°O(1;0)

By symmetry, we canshow that if kK p;k°> p°% HO(F (k;k9) is spannedby

HO(F (k;k® 1)) H°(O(0;1)):

2.3 Weak Regularit y for Bigraded Mo dules
We will givethe de nition and someproperties of regularity for a bigraded module
similar to Ooishi [33] and Johnston and Katz [26]. Let A be a noetherian ring,
and let now R = 44 oRap be any bigradedring over A, with Roo = A. We
assumethat it is nitely generatedby homogeneouslemerts of bidegrees(1; 0)
and (0; 1). Sudh a ring will be called a bihomgen@us A-algeba. Previously we
consideredonly the caseof a polynomial ring in two setsof variablesover a eld.
Let m = Ry = 4 o0p-0Rap be the irrelevant ideal; it is a bigraded R-module.
Thereis asthemeX = Proj (R), whosepoints are the bihomogeneougprime ideals
p of R that do not cortain the irrelevant ideal. We also have a functor M ! Nr
from bigraded modules to quasicohereh Oy -modules with similar properties to
those discussedin section 2.2. Let F be a quasicohereh Oy -module. If we set
M =  amzHO(X;F(a;b), then we have F = Nr.

If R is a bigraded A-algebra,then it de nes a gradedA-algebra

M
Rl = Ri;

n
i+j=n

and similarly we have a gradedRI-module M ! assaiated to a bigraded R-module

M.
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Let M = ,wzMap be a bigraded R-module. The local cohomologygroups
H/, (M) are bigraded R-modules, and let H;, (M), denotethe (a;b) part. The
generaltheory of local cohomologyis found in [20]. Note that, if J A is anideal

inaring, andV(J) C = SpedA) is the correspnding closedsubset,then
Hy (M) =Hyy CM

where M is the quasi-cohereh sheafon C assaiated with the A-module M .
We have
. : . M .
HL (M) = HL M ie, HE MT = Hi (M)
k+ kO=n

Generally we omit the ] from m and M, as it is clear in context that we are
referring to the graded, as opposedto the bigraded structure.

We recall the following fact [41,Lemmal.8]:Let R beany ring, | R anideal
and M an R-module. If Supp(M) V(I) then

H2(M)=M; andH/ (M) = 0fori 1
Also, if R is Noetherianand M is nitely generated,
AssM)  Supp(M);

and both have the sameminimal elemens where Ass(M ) denotesthe asseiated
primes of M, Supp(M ) denotesthe support of M. Ass(M) is nite.
We allow the casewhereR,, = O for all a> 0, or Ry, = O for all b> 0. For

then m = 0, and thus for all R-modulesM ,
H2 (M)=M; andH! (M)=0fori 1

sinceV(m) = SpedR), so Supp(M) V(m) always holds. This extreme case
plays an important role in the proofs of the main theoremsabout regularity, which

are by induction on the number of variables.
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De nition  2.3.1. We sa that a bigraded R-module M is weakly (p;p9-regular,
if foralli O,
H! (M) = 0forall (k;k% 2 Reg 1(p;p?

The connectionwith the previous conceptof regularity for coheren sheaesis

establishedby the following:

Prop osition 2.3.2. (see [24]) Let X = Proj(R). For any nitely genented bi-

graded R-module M we havean exact sequene of bigraded R-modules

M
0 ! H%(M) I M ! HO(X;M(a;b)) ! H,%(M) 10
(a;b)222

and an isomorphismof bigraded R-modules

. M .
Hit (M) = H'(X; M (a;b); 8i 1
(a;h)2z2

Corollary 2.3.3. Let M bethe sheaf on X assiated to the bigraded R-module M .
If M is weakly (p;p9-regular, then Nt is (p;p9-regular in the senseof de nition
2.2.3. This explainsthe shift in index fromi to i 1 in the de nition of weak

regularity for modules.
The main result for weak regularity is the following:

Theorem 2.3.4. Let R be a bihomagen®us A-algeba, M a nitely geneated
bigraded R-module. Fix (p;p9Y.

1. Supmwsethat H! (M)xo= Ofor alli 1andall (k;k% 2 St; 1(p;p?, then

Hi (M) = Ofor alli  1andall (k;k9 2 Reg 1(p;p9)

2. Moreover,

a. if H2(M)xxo = 0O for (k;k9 2 Red,(p;p?9, then we have R4 oMy.ko =

Mg ko for everyd  O;k  p;k®  p
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b. if H2 (M )kxo = 0 for (k; k9 2 Red(p;pY, then we have Rg.goM ko =

My.kor o for everyd® 0Ok p;k® p°

3. if M is weakly (p; p9-regular, andif H% (M )0 = Ofor (k;k9 2 Reg ;(p; P9
Reg”;(p;pY), then RaaoMixo = M gxer oo for all d;d® 0,
k pk® p°
Proof. First, by the sameargumert asin Ooishi [33, Theorem 2], we may reduce
to the casewhere A is a local ring with in nite residue eld, and assumethat
R = AlXo; :Xm:Yo; ;Ynl], with irrelevant ideal m generatedby the x;y;. We
will prove the claim by induction on (m;n). If eitherm = 1orn= 1 (e,

either x or y variablesare missing), or if
Ass,(M)=fp2 AsdM) :p + mg=;

the claim is true: in the rst casethe irrelevant ideal m = 0, sothat the remark
before the statement of Proposition 2.3.2 applies; in the secondcase,we have
Supp(M)  V(m). In either case H2 (M) = M andH! (M) = Oforeweryi 1.

Supposethat bothm Oandn 0,and Ass, (M) = fp;; ;prg. By our
assumptions,A is a um-ring in the terminology of [34], and by theorem 2.3 of that

paper we concludethat if we had an equality of A-modules
Rio= max(A)Ryo[ (P1\ Ryo) [ [ (pr\ Ruo)

then Ry, would have to be equalto oneof the termsin the union. It clearly is not

the rst term. If, say R0 = p1\ R1o we would have
m  (Xo;5Xm) = R Ryo P2

which is cortrary to the fact that p; doesnot contain m. Thus we can nd an

elemen

X2 Ryo max(A)Rio[ (P1\ Ruyo)| [ (pr\ Ru1o)
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which we cantake as part of a free basisof Ry.¢. Sincex 2 max(A)R1.o, the image
of x in R=max(A)R1,, is non-zero.A non-zeroelemert in a vector spacecan be
extendedto a basis,then by Nakayama's Lemma x is a free basis.By change of
coordinate, we may assumethat X = X,.

(1.) Considerthe following exact sequence:
0O ! M; !' M I xM(@0 ! O
This implies:

Hn(M2) P HL(M) 1 HL(xM(3;0)) 1 Hpt(My): (2.7)
Sincex waschosennot to belongto any of the p;, Supp(M1) V(m), andsoby the
remarksabove, the rst and last terms above vanishwheni  1,andsoH! (M) =
HI (XM (1;0)) for ewery i 1. SetR = R=xR = A[Xo; ;Xm 1;Y0, :¥nl
m=R; andM = M=xM. From

0 I xM M Y/ o
we have the exact sequence:
Hrin(M)k;ko ! Hll,n(M )k;ko ! Hrl.;l (XM )k;koz Hrlgl (M)k 1:k0: (28)

If (k;k9 2 St; 1(p;pY, then the rst term is 0, by our assumptionon M.

Now assumethat i 2. Then, (k  1;k9 2 St;(p;p®) by Remark 2.2.2, and so
the last term above is 0, alsoby our assumptionon M, sothat H! (M )y.xo = 0. By
induction hypothesisH| (M )xxo = Ofor everyi 1 and(k;k% 2 Reg 1(p;p9. If

i 2and(k;k9 2 St; 1(p+ 1;p9, then in the exact sequence
Hi(M) 0= Hi (M )igo 1 HE (M) 1 HEL (M )0 (2.9)
the rst and last terms are 0 because(k 1,k% 2 St; 1(p;p% and (k;k9 2

Reg 1(p;p%, soH! (M)kxo= Owheni  1and(k;k9 2 St; 1(p+ 1;p%. Repeating
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the argumert we get H. (M )xxo = Owheni 1 and (k;k9 2 St; 1(p+ d;p9 for
everyd 0, and by symmetry, arguing with ay 2 Rq.1, we get H' (M )0 = 0
wheni 1and (k;k9 2 St; 1(p+ d;p°+ d9 for every d;d® 0, which is the rst
claimfori 2.

When i = 1, the only changesto make in the argumert are the following. If
(k; kY 2 Sto(p;p?, then (k  1,k9 2 Req(p;p%, by Remark 2.2.2. But then
H2 (M)k 1x0 = O has been establishedby the argumert in the previous para-
graph. Also, when (k;k9 2 Sto(p+ 1;p9), we have (k  1;k9 2 Sto(p;pd) and
(k; k9 2 Regy(p;pY, sothat the rst and last terms in the sequence?2.9) vanish
wheni = 1, too.

(2a.)Let Ass, (M) = fp 2 Ass(M) : p + mg. Supposem;n OandAss,. (M) =
fp1;  ;prg. As before,we changecoordinatessothat x = x, Z pj, for any i. Set
R = R=xR = A[Xo; ' Xm 1;Yo; iYnl, m = Ry andM = M=xM. We claim
that the induction hypothesiscanbe appliedto M . First, by the argumern proving

(1.), we saw that
H! (M)o= 0fori 1and(k;k% 2 Reg 1(p;p):

From the sequencg?2.8) above with i = 0, we seethat H2 (M )0 = O for ewvery
(k;k9 2 Red ;(p; p?), becausehe extremeterms vanish: the left-hand onebecause
of our assumptionon M, the right-hand one because(k 1;k% 2 Reg(p;p% by
Remark 2.2.2 and vanishing of this term has beenestablishedabove. Thus by the
induction hypothesisappliedto M, and we have R4.oMk.ko = M g+ k:k0, Which implies
Ra.oMkko + XM gk 1.0 = Mg+ k0. Reasoningby induction ond 1, we assume
that Mg.k 1x0 = Rg 1.0Mkko has beenestablished,the cased = 1 being trivial.

Then

Ma+ ko = RaoMiko+ XM gk 1:k0 = Ra.oMiko + XRyg 1;,0M ko = Rg.oMicko:
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This proves our claim. By symmetry, arguing with a y,, we get the assertion

M k;dO+ KO = RO;dOM k:kO-

(3.) This follows by repeatedapplication of (2a) and (2b). O
For bigraded ideals in the polynomial ring R = K [Xo;  ;Xm;Yo;  ;Ynl, We
have:

Prop osition 2.3.5. Let K be a eld, let | R be any ideal geneated by bi-
homaen@us polynomials, let 1 be the correspnding shaf of ideals in Ox. The

following properties are equivalent.
I. Theideal | is weakly (p;p9-regular in the senseof De nition 2.3.1.

Il. The natural map I ! HO(I (p;pY) is an isomorphismand | is (p;p%-

regular in the senseof De nition 2.2.3.

. The natural map l4q ! HO°(l (d;d9) is an isomorphismand | is (d;d9-

regular, for all d  p;d® p°

Proof. There is no lossin generality in assumingthat K is in nite, becausewe
may tensor the whole situation by the algebraicclosureof K .
(1) 1) If I is weakly (p;p9-regular in the senseof De nition 2.3.1,then we have
Hp, (10 = Ofor (k;k9 2 Reg 1(p;p?) fori 1. But for anidealin a polynomial
ring, we also have H? (1) = 0, since there are no O-divisorsin the ring R. By
Proposition 2.3.2,H'(I (k;k9) = H7* (1), 0= Ofori 1, (k;k9 2 Reg(p;p?) for
i 1;and = HO(I (p;p%).

(1) 1) If1 is(p;p9Y-regularin the senseof De nition 2.2.3,then H'(I (k;k9) =
0 for (k;k% 2 Reg(p;p%, i 1 by Proposition 2.2.7.1 is an ideal, H2 (1) = 0,
in particular, H2 (1)xxe = 0 for (k;k9 2 Reg 1(p;p9. Sincelym = HO(I (p;pY),

by Proposition 2.3.2and Proposition 2.2.8,we have H !, (I )xxo = O for all (k; k9 2
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Regy(p;p), and Hit (ko = H'(1 (k;k9) = 0 for (k;k9 2 Reg(p;p), i 1.
ThereforeH! (I )xxo = O for all (k;k9 2 Reg 1(p;p?, i 0, i.e. | isweak (p;p%-
regular in the senseof De nition 2.3.1.

(1) 111) follows from Proposition 2.2.7,and Proposition 2.2.8.

(111) 11) is obvious, we just taked = p;d°= p° O

2.4 Strong Regularit y for Bigraded Mo dules
Fromnowon,K isa eld andR = K[Xo;  ;Xm:Yo; ;Yn] = K[X;Yy] is a poly-
nomial algebra, bigraded in the usual way. We will be using the ideals (x) =
(Xo;  iXm)y () = (Yoi  i¥n), (XY) = (Xo;  XmiYo;  ;Yn), @nd (xy) =
m = (Xiy;).

In addition to the graded K [x; y]-module M1 introduced above, we need to
considerthe following graded modules. Fix j° and let Mj[%] = jMj;o, which is
aK[x]= K[Xo; ;Xm]-module; x j, andlet M/? = ;oM; 0, which is aK[y] =
Klyo; ;Ym]-module. Obsenre that

M = M M = M M2
i° i
as K [x]-module (resp. as K [y]-module). Also, eah H(‘X) Mﬁ] is a gradedK [x]-
module (resp.eat H!, M@ is a gradedK [y]-module), but both Hl,, (M) and
Hgy) (M) are bigradedK [x; y]-modules.
_ M
Hiy (M) = Hiy M3

jO

i M i (2]
Hy (M) =" Hy M,
J

i _ i 1
Hixy (M)j;0= Hiyy M j

. . 2
Hiy) (M)j50= Hy M,

jO
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De nition 2.4.1. Let M be a bigradedR-moduleandletd O.

I. M satis es the vanishing condition VCq(p;p?% if foralli 0

Hog Mo = HigM@ = 0; 8k p+d+ 1 i;8KS

H(iy) (M )k;ko

Hiy(MP)o=0; 8k pP+d+1 i;8k;

iy (Moo = 0; 8k + K p+pP+d+ 1 i

Il. M is strongly (p;p9)-regular if M satis es V Co(p;p9.

Remark 2.4.2 For all p;p°® we have
1. If M satis es VCy(p;pY), then M satis es VCqy(p;p9 for all d 0.
2. If M satis es VCqy(p;p?, then M (a;b) satisesVCqy(p a;p° b).

3. Forall (; 92 DReg(p;pY), if M satises VCyo( ; 9, then M satis es

V Cq(p; .

Prop osition 2.4.3. Let R = K [Xo;::; Xm; Yo, ::5; Yn] be a bigraded polynomial al-

geba overa eld K. Assumethat m;n 0. Then R is strongly (0; 0)-regular.

Proof. If R = K[zy;:::;zs] is any polynomial algebraover a eld K, the relation-
ship between local cohomologyand sheafcohomologytells us that ng)(R)k =
H' Y(R(k)) fori 1. SinceH'(R(k)) = Ofori+ k 1. Therefore we have
that H,,
H{y) (RDks ko for R = K[x; y]. For the caseH (‘X)(REJ)k, note that

(R), = Owheneweri+ k 1. This veri es the vanishing statemert for

M
REO] = K[x]y :
ji=ke

As ead term is a free module over K [x] and local cohomologycomnutes with

direct sum, the requisite vanishing follows from Serre'sresult. O
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Prop osition 2.4.4. If a bigraded R-module M satis es V Cqy(p;p%, then
H{yy (Mo = 0

for all (k;k% 2 Regy(p+d+ 1 i;p°+d+1 i); 0 i d+ 2 andfor all
(k;k) 2 Reg 4 1(p;p); 1> d+ 2,

Proof. By the Mayer-Vietoris sequencewe have
Hiy M) 1 Hg (M) HEy (M) 1 HEy (M) E HE, (M)

(see[21, Exercise2.4, Ch. I, p. 212]; Note that if Y; = V(X), Y2 = V(y), then
Yi[ Y2 = V(xy) and Y;\ Y, = V(X;y) assubsetsof C = Spec(K [x;y]). ) Assuming
that M satis es VCqy(p;p% we seethat H(Xy)(M ko = O for all (k;k9 that satisfy

the inequalities:
k p+d+1 i; k% p’+d+1 i k+k® p+pP+d+1 (i+ 1)

If 0 i d+ 2the last condition above is redundart, and sowe obtain vanishing
in the regiondescribed by the rst two inequalities, which is just Reg)(p+ d+ 1

i p°+ d+ 1 ). If i > d+ 2, thesethree inequalitiesdescrite Reg ¢ 1(p;p?). O
Corollary 2.4.5. If M is strongly (p; p9-regular, then it is weakly (p;p9-regular.

Proof. We have H}, (M), = O for all (k;k%) 2 Reg 1(p;p?), accordingto the
Proposition 2.4.4,wheneeri 2. Fori = 0;1, this is zerofor (k;k% 2 Reg(p +
1 i;p°+ 1 i), but theseare exactly the regionsReg 1(p;p% and Reg(p;p?.

Thus we have the conditions for weak (p; p%-regularity. O

Remark 2.4.6 If M is strongly (resp.weakly) (p; p9-regular, then M (a; b) is strongly

(resp.weakly) (p  a;p° b)-regular.
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Prop osition 2.4.7. If a nitely genented bigraded R-moduleM satis es V Cqy(p; 9,

then M is genented by elementsof bidegree (k; k% 2 DReg;(p;p9.

Proof. Let A beahomogeneousilgebra,(i.e.,for aring R, agradedring A is called
a gradedR-algebraif Ag = R, and A is calleda homogeneoufR-algebraif Ag = R
and A is generatedby A; over R.) (seeintroduction to [33]), with maximal ideal
P. If N is a nitely generatedgraded module over A, then [33 Thm. 2] asserts
that if H, (N), = Oforalli+ k m+ 1, then N is generatedby elemers of
degrees m.

We rst apply this to the gradedmodule N = M! over the gradedring A = RI.

SinceM satis es V Cqy(p;p%, we have
H(ix;y)(M])k+k0: 0; 8k+k® p+p’+d+1 i

so that by the previous remark, M1 can be generatedby elemens of degree
p+ p°+ d. This meansthat the bigraded M can be generatedby bihomogeneous
elemens of bidegree(k; k9 with k + k® p+ p°+ d. Now let A = K [x], and for a
xed k° regardN = M&)] asan A-module. That M satis es V Cqy(p;p% meanshere

that

Hio(ME) = 0; 8k p+d+1 i

and thus by Ooishi's result, that Mg can be generatedas a K [x]-module by

elemens of degree p+ d. This beingtrue for every k° we seethat
RsoMpraxo = Mprgrske foralls — 0; k%

Similar reasoningapplied to M|£2] asa K [y]-module leadsto
RosMipord = Miporass forall's  0;k:
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Combining this information givesthat M can be generatedby bihomogeneous

elemerts of degree(k; k% where
k p+d; kK p’+d k+k° p+p’+d
This is the description of the region D Regy(p; pY. O

In the following cortext M4 is a bigraded R module which satis es V Cqy(p;p9,
note, the index d is not the degreeindex of the module. By Proposition 2.4.7,M 4
is generatedby elemerts of bidegreedegeq ) = ( 4 3) 2 DReg(p;p%. We can

nd an exact sequence:
0 ' Mgs ! Re.q T My 0

whereMgy+1 = ker g.

Prop osition 2.4.8. Let My be as alove. If My satis es VCqy(p;p%, then Mg.1

satis es V Cg:1 (p;pY, and are geneated by elementsof bidegree in DRegy:1 (p;p9.

Proof. For the casei = 0, we have an injection
0 IV 0
H(x) (Md+1)k;ko H(x)(R)k ek 9= 0;
=1
sowe canassumethat i 1. Considerthe local cohomologysequencevith | = (x)
of the above exact sequence:
- _ Me
Hi “(Mg)kxko I H{ (Mgs1)keko ! Hi(R)k 4xo 9
=1

Supposethat k + i p+ (d+ 1)+ 1. Then the left-hand side above vanishes
by assumptionon My, becausek + (i 1) p+ d+ 1. That ( 4; 9) belongs

to DRegy(p;p% meansthat 4 p+ d. Thus, k gt i 2, and sinceR is

(O; 0)-regular by Proposition 2.4.3,the last term vanishes.
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By similar reasoning,we get the vanishing of H(‘y) (Mg+1) 0 for KO+ i  po+
(d+ 1)+ 1, for all k.

Now look at the local cohomologysequencewith | = (X;y). Again we may
assumehat i 1.If (k;k9 satisesk+ k%+ i p+ p% (d+ 1)+ 1, our assumption
on M, showsthe vanishingof the left-hand sidebecausek+ k% (i 1) p+p% d+ 1.
That ( ¢; J) belongsto DRegy(p;p%) meansthat 4+ § p+ p°+ d, sothat
k+k® 4 3+i 2.Thustheright-hand sidevanishesbecauser is (0; 0)-regular.

In all three caseswe have veri ed vanishingin the appropriate regionto satisfy

V Cys1 (p; 9. O

Conversely:

Prop osition 2.4.9. Let My.; be a nitely geneanted bigraded R-module. If M g4,

satis es V Cqy.1 (p;p9) and if there is an exactsguene:
0 I Mg ! Re.q 4 My 0

whee Mg,; = ker 4, anddedeq) = ( 4 3) 2 DReg(p;p%, then My satis es

V Cqy(p;p%. Therefore My is geneated by elementsof bidegree in DRegy(p;p9Y.

Proof. Let | be any one of the ideals (x), (y), (X;y). Look at the segmen of the
local cohomologysequenceassaiated with the above exact sequence:

HIRK o g 1 HiMae 1 H™ (Mo )i

=1

Letl = (x). andsupposek+i p+d+1,wehavek+ (i+1) p+(d+1)+1,andthe
last group vanishesby assumptionon M., . Also, in this region, k gt i 1,
and the rst term vanishesby Proposition 2.4.3. Therefore, H(ix)(Md)k;kO = 0if
k+i p+d+ 1.

By similar reasoningwe obtain the vanishingof Héy)(M Dwko if Ko+ i pP+d+ 1.
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For | = (x;y), supposek + k°+ i p+ p’+ d+ 1. Wehavek + Ko+ (i + 1)
p+ p’+ (d+ 1)+ 1, sothat the last group vanishesby assumptionon M 4.1 . Also,
because 4+ § p+ p°+d, wegetk+k® 4 3 i 1,lastterm vanishes
becauseR is (0; 0)-regular. Therefore,H |, (M )xxo = Oif k+ k% i  p+p’+d+ 1.

In all three caseswe have veri ed vanishingin the appropriate regionto satisfy

V Cy(p; P9). O

We prove someequivalert conditions for regularity of a module similar to those
of Bayer, Mumford and Stillman (see[2] and [1]). In the formulation below, R is a
polynomial algebraover K in two setsof variablesx and y bigradedin the usual

way. We assumeboth variable setsare nonempty.

Theorem 2.4.10. Let M be a nitely geneated bigraded module over R. The
following properties are equivalent.
I. M is strongly (p;p9-regular in the senseof de nition 2.4.1.
[I. The minimal resolutionof M by free bigraded R = K [x; y]-modules:
Vs \V3

0o ! Res, | ! Re.q ! M I O

=1 =1

satises dege,q) = ( q¢; J) 2 DRegy(p;p9:
lll. There existsa free resolutionwith the properties alove.

Proof. (1) 11) Let My = M. Wewill inductively construct a sequencef bigraded

modules M4 that satisfy VCqy(p;pY% andthat t into an exact sequence
0 ! Mgn ! Re.4 1T My ) (2.10)

wheredege; ) = ( i; 9 2 DReg(p;pd. By Proposition 2.4.8,we know that M 4.1

will satisfyV Cq.1 (p;p% and thereforewe can nd generatorsfor it whosebidegrees
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arein DRegy1 (p;p9. In other words, we may construct the above exact sequence
but with d replacedby d + 1. By Hilbert's syzygy theorem, M4 will becomea
free bigraded module, with generatorsin D Regy(p;p%, and by splicing theseshort
sequencesogether, we get our resolution. We can start this induction at d = 0,
becauseby hypothesis,M = My is strongly (p;pY-regular, and by Proposition
2.4.7,we know My is generatedby elemerts whosebidegreesare in D Regy(p; 9.

(1) 1) is trivial.

(I'1) 1) Break the given resolution into short sequencessin equation (2.10)
above. We will shov by descendinginduction on d that My satis es V Cy(p; 9.
Sincethe last stage of this, namely M, is the module M itself, we will be done,
sincethe condition V Cy(p; pY is exactly strong (p; p9)-regularity. The starting point
of the induction is the extreme left-hand term of the resolutionMs = ", Re..
BecauseR is (0; 0)-regular by Proposition 2.4.3,and becauseof Remark 2.4.2, we
seethat Mg satis es VCs(p;p?. If d < s and we assumeby induction that M g,
satis es V Cg:1 (p; p9), from the exactsequencg2.10) and Proposition 2.4.9,we nd

that M4 satis es V Cq(p;p9, verifying the induction step. O

Corollary 2.4.11. Any nitely genented bigraded madule over K [x; y] is (p;p9-

regular for somep; p°

Proof. Look at the minimal free bigraded resolution of M, which we know exists
and is unique up to isomorphism. Whatever are the bidegreesdege.q ) of the
generatorsof the varioustermsin this, it is clearthat by taking p and p°su cien tly

large, for all d thesewill belongto the region D Regy(p;p9. O

Remark 2.4.12 Let K beaninnite eld andletl K{[Xo;Yo; ;Yn]beanideal
sud that | = xJ'J whered  K[yo; ;V¥n] is @a homogeneousdeal. Then | is

strongly (p;p%-regular if and only if p m and J is p%regular.
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Proof. Supposel is p*regularandp m, we would like to shaw that | is strongly

(p;pd-regular. Let R = K[yo;  ;Yn], and take a minimal free resolution of J as
follows:
Ve o M d
0 ! Re ! l Re., 1 R ' R=J 0
=1 =1
(2.112)

Since J is p%regular, then we have dege;; )  p°+ i: Also, note the map d; is
represerted by a matrix. Sincethe free resolutionis minimal, then the matrix has
noenry in K whereK = K nf0g. [40, Proposition 11.5]

We can break this exact sequenceanto two exact sequences:

o ! Cc, ! I C, ! kerd)) ! O (2.12)
and
& §
0 ! ker(dp) ! Reo, @ R ! R2J ! O (2.13)
=1
If welet S = K|[Xo;Yo; ;Yn], we have
& d
0 ! ker(xJdy) ! S’y M s 1 s=l L0 (2.14)

=1
If we tensor the exact sequencg2.12) with S over R, sinceS is at, then we

will have an exact sequence:
0 I C, S ! I C S I ker(dy) S I 0 (2.15)

Note, at eat stage,the matrix which represeis the map hasno entry in K . Since
ker(xg'do) = S g ker(dp), we can pieceexact sequencg2.14) and (2.15) together,
we will form a free resolution of | as follow:

Nl

0 ! Cy S I ¢ s I s&
=1

by 5 | g I o
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This free resolution is minimal, sincethe matrix that represets the map has no
entry in K . And we canrewrite the minimal free resolution (2.16) as follow:
MS dO MO dO
g s, 1S I sl 10
=1 =1
(2.17)
whered§ = xJ'do, and df = dy, and dege% ) = ( m;dege; )). If m p and
dege;) p°+i, by the equivalert relation of minimal freeresolutionand strongly
(p; p9-regular, we know that | is strongly (p;p9-regular.
On the other hand, suppose| is strongly (p;p9-regular, there is a minimal
free resolution of | as (2.17), wheredege? ) = (a; ;dege; )) and a; p and
dege;) p°+ i. Note, at eath stage,the matrix represeting the map has no

ertry in K . And we cansplit the freeresolutioninto two exactsequenceghe free

resolutionof | (2.14) and

0
o ! p, ™ I D; M kerxPdy) ! O (2.18)

We always have a resolution of J as(2.13). Sinceker(xg'dg) = S ker(dp), we

will have an exact sequenceas follow:

! I C ™ kendy) ! O (2.19)

whered; = d’. We can piecethe two exact sequence$2.19) and (2.13) together to

get:

! I Cy ' R ' R=J 0

which can be written as (2.11). Sincethe matrix represeting d; hasno ertry in
K , the free resolution (2.11) is minimal, and dege;; ) p®+ i. According to
[1, De nition 3.2], the existenceof a free resolution of this type implies that J is

pZregular. O
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Example2.4.13 This examplewill shav that weakly regulardoesnot imply strongly
regular. Let | = (s;u;t;v) K[s;u;t;v]. V(1) = ; P Pl Let m =

(st; sv; tu; tv) be the irrelevant ideal of K [s;u;t; v]. As a sheafrl is (0; 0)-regular,
ie.

HY (Do = HI(Mk;KY) = 0; 8k;k® 0, 8 1
AlsoH? (1) = 0, and
Hr}q(l)k;koz (l msat=|)k;k0: (R=|)k;k0= 0; 8k,k06 0:

Thereforel is weakly (0; 1)-regular or (1; 0)-regular. Also considerthe free resolu-

tion of I :
0 ! R(C2 2 * R*(1 2 R)(2 1 1

R(O; 20 RY 1, 1) R( 20 % R?0; 1) R% 13,00 % | 0
where ¢ isrepreseted by the 1 4 matrix [v;t; u;s], ;isrepreseted by the4 6

matrix: 2 3

2 3
u s 0 O
t 0 s O
v 0 0 sz
0 t u O |
O v O u
0O 0 v t
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and 3 is represemed by the 4 1 matrix [s; u;t; v]'. Therefore,by Theorem
2.4.10,1 is strongly (1;1)-regular, and cannot be either strongly (0;1) or (1;0)-

regular becauseof the degreeshifts in the free resolution.
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3. Reqgularit y and Saturation in
Bipro jectiv e Spaces

3.1 Saturation and Regularit y

Let R = K[Xop; ' Xm: Yo, :Yn] be a bigradedring, with m;n 1. Let X

P™ P". Letm = R: = kso0ko0oRkko be the irrelevant ideal.

Let (X) = (Xo;  iXm), (¥) = (Yo :¥n), (xy) = m = (xiy}), and (x;Y)
(Xo; 3 Yn)-
Denition 3.1.1. If J R is anideal, then
98 = fr 2 R:J r |; forsome 2 Ng= F (IrJ):
=1

An ideall R is calledJ-saturated if | = |75,

Remark 3.1.2 J; J,) [725a | hisat gpg | Jdisaty |Jesat — | Ridaisat n partic-

uIar, I (x)sat \ | (y)sat — I (x;y)sat:

Lemma 3.1.3. | is a proper J-saturated ideal if and only if J is not contained in

any asseiated primes of R=l.

Proof. (( ) We do the cortrapositive, i.e. if | is not a proper J-saturated ideal,
thenJ p for somep 2 AsgR=1) whereAss(R=I) denotesthe assaiated primes
of R=I.

Letr 2 17%3t'n|.r 21, but rJ | for some 1. Choose minimal. Let
J = hay; ;ad. Thenra 21 for all monomialsa = a,* &' wherej j=

Claim: there existsr®2 | sud that r |. Proof of claim: If = 1, we take
ro=r. If 2, then there exists a monomiala with j j = 1 sud that
r®= a 2| ( for otherwise would not be the minimal). But then a;r®2 | for all
i,ie.r9 .

By [37, Proposition 2, page8], we haveJ p for somep 2 AsqR=l).
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() ) Let AssR=l) = fp1; ;prg- Supposed isin an asseiated prime of R=I,

sy p1. ThenJ py= (I :r) for somer 2 R. This meansthat Jr |. Sincel is
J-saturated, we haver 2 17%8 = | /But if r 2 |, then we have (I :r) = R, which
is cortrary to (I : r) = p;. Therefore,J is not in any assaiate primesof R=I. [

Through this chapter wewill useJ to denoteany oneofthe ideals(x); (y); (x; y); m.

De nition 3.1.4. An ideal | R is called saturated if | = | ™sa and we will

write | sat for | msat,

De nition  3.1.5. Anideall R is called p-saturated for (x) (resp. p%saturated

for (y)) if and only if it satis es the following conditions:
L% = Lo, 8k p;8KS (resp. I X5 = lwo; 8k;8K°  pY:

De nition 3.1.6. Anideall R is calledstrongly (p;p%-saturated if and only if
it is both p-saturated for (x), and p%saturated for (y).
De nition  3.1.7. Anideall R is called weakly (p;p9-saturated if and only if
it satis es the following conditions:

128 = lkko; 8k p;8K°  p°
Remark 3.1.8 8

2 1002 = 1w, 8k p;8KS

'B ||£);l|2§at = Ik;ko; 8k,8k0 po;
Remark 3.1.9 1. We have

[
HOR=l)= (0o Jd )=fr2R=IjJr Ig=|7%=;

Considerthe exact sequence



which givesa long exact local cohomologysequence

HO(I) I H{(R) I HY(R=I1) I Hi(l) I H}(R):

Since R is an integral domain, and m; n 1, we have depth;R 2, so

HJO(R) = HJl(R) = 0. Thus H?(R:|) = H}(I) = | Jsat=|

. | is strongly (p;p%-saturated if and only if

8

EH(lX)U)k;ko: 0; 8k p;8Kk5
'B H(ly)(l )k;ko = 0; 8k; 8k° p0

. | isweakly (p;p9-saturated if and only if H (I)xxo= Oforall k p;k°® p°

. If I is strongly (resp.weakly) (p; p9-regular, then | is strongly (resp. weakly)
(p;pY-saturated. Any ideall R is strongly (p;p9-saturated for somep; p°,

sinceit is strongly (p;p9-regular for somep;p®. Therefore, we have
8

1005 = gk pigk®
and 1 355 = 10,8k p;8k®  p°for somep;p”

3 1% = 1iuo; 8K; 8K® R

Remark 3.1.10 If K isinnite eld, and (x) (resp. (y), resp.m) is not cortained

in any assaiated primes of R=I, then there is a Zariski open densesubsetwith

elemeits h 2 Ry, (resp.h®2 Ry, resp.h®2 Ry, ) which are not a zero divisor

on R=l.

Proof. Let AssR=l) = fp1; ;prg. Supposeewvery h 2 Ry, is a zerodivisor on

R=I. Sincethe set of O-divisorsof R=I is the union of Ass(R=l), we have

Rio= (P1\ Ryo) [ [ (pr\ Ruo)
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Sincea vector spaceoverthe in nite eld K isnot the union of nitely many proper
subspacesthen Ry, is equalto oneof the termsin the union. If say R1.0 = p1\ Ry,
we would have

(X)=R Rio pa1

which is contrary to the fact that p; doesnot cortain (x). Thus we can nd an

elemen

h2Ryo ((P1\ Ryo)[ [ (pr\ Ryo)) =V

Sinceead p; is a proper closedsubsetof Ry, V is a Zariski open densesubsetof
R1.0. By the similar reason,we can nd h°2 Rq; and h®2 Ry, which is not zero

divisor on R=l. ]

De nition  3.1.11. Wethat h 2 R is J-genericfor | if and only if h is not a
0-divisor on R=17%2 provided | s is a proper ideal in R. If | 758 = R, then ewery

elemen of R is J-genericfor | .

3.2 Criterion for Weak (p;p9-Regularit y
Lemma 3.2.1. Let| R be a proper m-saturated ideal, let h 2 R be bihomo-

geneuous.
1. If his not a zew divisor on R=I, then(l : h) = 1.

2. If his a zeo divisor on R=l, then there exist d;d° suchthat (I : h)xxo 6

[ k:kO; 8k dandk® d°

Proof. Sincethe rst result is from the de nition, we will just shaov the second
statemert. If h is a zero-divisoron R=I, then we can choosef 2 (I : h) | sud
that fh 2 |, wheref has bidegree(d;d%. By Lemma 3.1.3 and Remark 3.1.10,

we can nd g 2 Ry, with g not a O-divisor on R=I, then gf 2 (I : h) 1.
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Iterating this process,we can nd elemerns in (I : h)y.xo which are not in | y.o for
allk d;k° d O
De nition  3.2.2. Forj > 0de ne Uj(l) to be the subset

f(hy,  hy) 2 le;ljhl is m-genericfor I ; h; is m-genericfor (I;hy;  ;hy 1);2 i jg

of le;l. SinceK is in nite, by Remark 3.1.10the setof h 2 R;.; which are m-
genericfor | form a non-empty Zariski opensetof Ry.1. Uj (1) is a non-empty open

subsetof R} ;.

Lemma 3.2.3. Letl R be anideal, let h 2 Ry.;. The following are equivalent.
1. (I :h)gxo= lxxo 8k p;8k° p&
2. | is weakly (p; p9-saturated, and h is m-genericfor | .

Proof. (1:) 2:) Letd p;d® p° Supposef 2 153 4. Weknow that |5 =
l ko for k;k® 0.Let 2 Nand 1 bethe minimal numbersuchthat h f 2 1.
Thenh Y 2 (1 :h)g+ 1494 1= lg+ 144 1,Sinced+ 1 p;d+ 1 p°
and (I : h)gxo = lko whenk — p;k® p° Thereforeh f 2 I, which is cortrary
to the minimality of . Thereforel % = Iyyo foralld p;d® p° By De nition
3.1.4,1 is weakly (p;p9-saturated. By Lemma3.2.1,h is m-genericfor | .

(2:) L) If 1 =R, and! isweakly (p;p)-saturated, then we have
(| . h)k;ko = (| sat - h)k;ko = (R . h)k;ko = Rk;ko = hf;akto = Ik;ko; 8k p,8k0 pO.
If 158 6 R, and | is weakly (p;p)-saturated, then

(| . h)k;ko = (| sat . h)k;ko = |lf;akto = |k;k0; 8k p,8k0 pO'

Lemma 3.2.4. Letl R with dimR=I = 0, the following are equivalent:
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1. | is weakly (p;pY-saturated.
2. | is weakly (p;p%-regular.
3. Ik;k0: Rk;ko 8k p,8k0 pO.

Proof. (1:, 3 Obvious.(2:) 1) By Remark3.1.9.(1:) 2) If dmR=Il = 0,

then H' (R=1) = Ofori 1. Considerthe following exact sequence:
0 P ' R ' R=l 0
The cohomologysequencewill be:
HiYR=l) ! Hi() ! H.(R) ! Hi(R=I):

Ifi 2 then Hi (1) = HL(R). If i = 1, then HL(I) = I%¥=I. If i = 0, then
HO (1) = 0. SinceR is (0; 0)-regular, we have H! (I )xxo = H! (R)k:xo = 0 for all
(k;k9 2 Reg 1(0;0). | is weakly (p;p9-saturated, Hy, (1 )kko = 1 55%5=lcxo = O for

all (k;k9 2 Reg(p;p?). Therefore,we have the following:
Hin(Diko = 0; 8(k; k% 2 Reg 1(p;p?:
Thus, | is weakly (p;p9-regular. O

Lemma 3.2.5. Let | R be an ideal, let h 2 R;; be m-generic for | and
Q = (I : h=l. If | is weakly (p;p%-saturated, then Supp(Q) V(m) whee
Supp(Q) is the supprt of Q and V(m)  SpecR.

Proof. We prove the following 2 claims:

Claim 1: Ass@Q) V(m).

Proof of claim 1: Supposenot, then there existp 2 Ass(Q) nm, andt 2 m np.
Qp=fd:s2pgand

gs 0, 9v2p sud that vgq= 0:
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Sincel is weakly (p;p9-saturated, we cantakev =t 2 m np for some big
enough.This is cortrary to p 2 Ass(Q). ThereforeAss(Q) V(m).

Claim 2: Supp(Q) V(m):

Proof of claim 2: Let P 2 Supp(Q). SinceAss(Q) and Supp(Q) contains the same
minimal elemens, P cortains a minimal elemen p 2 Ass@). Thusm p P:

ThereforeSupp(Q) V(m). O

Lemma 3.2.6. Letl R be anideal. Supmsethat h 2 Ry.; is m-genericfor I.

The following are equivalent.

1. | is weakly (p;p%-regular.

2. | is weakly (p;p%-saturated, and (I ; h) is weakly (p;p9-regular.

Proof. We start with someinformation before we prove the equivalert relations.

Supposel is weakly (p;p9-saturated. Let Q = (I : h)=I, we have
0 Lo ' (I :h) I Q o
By Lemma3.2.5,Supp(Q) V(m), thusH' (Q) = Oforalli 1.HZ(Q) = Q.
We have an exact local cohomologysequence:
Hn'Q ! Hi() ! H@:h) ! HL(Q):
Ifi 2,thenH! (1) = HL (I :h).

If i = 1,then Q LOHLD L HL( :h) I O;and HL (1 : h)gyo =
HI(1)kko, 8k p;8k® p° If i = 0,then HS (1) = H2((I : h)) = 0. Therefore,
we have the following cohomologyrelations:

8

%H@n(l o = HE (Dier 81 23

EH%(I Th)ko = HE (Do, 8k ik p; (3.1)
© Hn(

HO (1 2 h)eko = HR (ko = 0
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(1: ) 2) Supposel is weakly (p;p%-regular; by Remark 3.1.9, | is weakly

(p; pY-saturated. We will show that (1;h) is weakly (p; p%-regular. Consider
0 L1\ (h) L1 (h) L (l;h) IO

Sincel \ h= (I :h) h,andh 2 Ry, we have

o ! (:h(L 1 "1 () ! (:h 1 o
This gives
Hio(l (M ! HR(()e 1 HEH(( S )k a0 1

| is weakly (p;p9-regular implies that | is weakly (p;p9-saturated. According to

the cohomologyrelations (3.1), and | being weakly (p; p9-regular, we have
HEE0 i h)e 1k 1= HEP(Dk 1x0 1= 0, 8(k;k% 2 Reg(p  Lp° 1)
SinceHL (I (N))kko = HL (Do HE ((h))kko, and the fact that (h) = R(1; 1)
is (1; 1)-regular, we have
Hi (1 (M)iko= 0; 8(k;k% 2 Reg 1(p;p):
SinceReg 1(p;p% Reg(p 1;p° 1), we must have
Hin (1 )kio = 0; 8(k; kY 2 Reg 1(p;p):

Therefore (1 ; h) is weakly (p; p9-regular.
(2:) 1) Suppose(l; h) isweakly (p;p9-regular,and| is weakly (p; p9-saturated.

From

h

o ! (:h( L 1 "o om v oghy ! o

we have

Ho (ke ! H (0 ih)ic e of Hy (0 ()it Hiy (15 D)) ko
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Since(l ; h) is weakly (p; p9-regular, we have

Hi Y5 h))kke = Hip (15 h)) ke = 0; 8(k; k9 2 Reg 2(p; pY):
Thereforewe have

Hin (0 h)k ke 1= Hyy (1 (h)kwo; 8(k; k9 2 Reg 2(p; pY):

Sincel is weakly (p; p9-saturated, we have the cohomologyrelations (3.1). This

s&ys that

Hiy (D w0 1= HL (1 (ke 8(k; k9 2 Reg 2(p;pY:

Sinceany ideal | is (d;d9-regular for somed;d® 0 by Remark 3.1.9, we have

HI (ko= 0for k;k® 0. Therefore,
Hi(Nk w0 1= 0; 8(k;k9) 2 Reg 2(p;p?):

But forevery (k 1;k° 1) 2 Reg 1(p;p% wehave (k;k9 2 Reg 1(p+ 1); (p+ 1)

Reg »(p;p9). Therefore,| is (p;p%-regular. O

Theorem 3.2.7. Criterion for weak (p;p%-regularity

Letl R bea bigradal ideal. The following are equivalent:

1. | is weakly (p;p9-regular.

2. Letr = dim R=I where dim R=I refersto the Krul | dimension of R=I, then

forall hy;  ;h, 2 U/ (1), andall k p;k® p°
((1;hy; 5 hy 1) thikko= (I;hyy  5hi ke T=1;, 513
and
(I;h1; 5 h)kko = Rykor
Note, whenr = 0 this means that

Ik;ko = Rk;kO:
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3. If r = dimR=l, thereexisthy;  ;h, 2 U,(1), suchthatfor allk p;k® p°
((15hy;  shig) thidkko = (15hey Shi 2)ewo; T=1 51

and

(I;he; s he)kke = Ry

Note, whenr = 0 this means that

Ik;ko = Rk;kO:

Proof. (2:) 3:) This is obvious.

(3:) 1) We prove this by induction onr. If r = 0, I«.xo = Ryxo for all k
p;k®  p° 1 is weakly (p; p9-regular by Lemma3.2.4.By the induction hypothesis
(I';hy) is weakly (p;p9-regular, and (1 : hy)xxo = lyxo for all k  p;k®  p° By
Lemma 3.2.3,we have | is weakly (p; p9-saturated. By Lemma3.2.6,1 is weakly
(p; pd-regular.

(1:) 2) We prove this by induction onr. If r = 0, By Lemma3.2.4 | .xo =
Rixo for all k- p;k®  p°% Let (hy;  ;hy) 2 U (l). By Lemma3.2.6,(1;hy) is
weakly (p;pd-regular. By the induction hypothesis, (2.) holds. By construction,
(ha;  ;hy) 2 U, 1(I;h). Since(l ;h) is weakly (p;p9-regular, it follows from the
induction hypothesisfor (I;h;) that the remaining equalities holds. By Remark
3.1.9,1 is weakly (p;p9-saturated, and (I : h) ko = lyxo for all k  p;k® p°hy

Lemma3.2.3. O

3.3 Weak Regularit y of a Power of an Ideal

In this section, we will prove someresults similar as thosein Chandler [8] about
the regularity of the power of an ideal. We will comparethe regularity of | with

that of its kth power I .
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Prop osition 3.3.1. Let | R be weak p;p9-regular and geneated by bihomo-
geneus forms of bidegree (d;;d®) (d¢  m;d® m9. If dimR=l = O, then ¢ is

weakly (I;19-regular for somel;1°with I (e 1)m+ p;I° (e 1)m°+ p°

Proof. We prove this by induction one 1.t istrue for e = 1 by assumption.
Let | = (fy; ;f;), wheref; hasbidegree(d;;d®), andd; m;d® m°for all
i. Let M be any monomial of bidegree(k; k9, wherek p, andk® p° Sincel is
weakly (p;pd-regular, Lemma3.2.4shovsthat M 2 |, soM = P '_, Nifi, where
the bidegreeof N; is denotedby (n;;nf), wheren; k m;n® k° ml Let N
be any monomial of bidegree((e 1)m;(e 1)m9. We will shov that MN 2 |©.
NiN hasbidegree(n; + (¢ 1)m;n°+ (e 1)m° Sincen; k m;n® k° m¢°
we have the bidegreeof N\N ( (e 1)m+p m; (e 1)m°+ p° mY. Since
k p,andk® p° that is the bidegree( (e 2)m+ p; (e 2)m°+ p9. By
induction, N;jN 2 1€ 1, then MN = P L NiNf; 2 18 1 = |© Thus|® contains
any monomial of bidegree(a;a%) with a (e 1m+ p;a® (e 1)m°+ p°

Therefore,by Lemma3.2.4,1¢%is (e 1)m+ p;(e 1)m°+ p9-regular. O

Prop osition 3.3.2. If | is a bihom@enousideal of R with dimR=I 1, then| s&

and sat(l ) are strongly (0; 0)-regular, where sat(l ¢) denotesthe saturation of | ©.

Proof. First, note that if dmR=I  1,thenV(l) P™ P" = ;. This implies
that V(1) V(m), and. Thusm = pﬁ pI_. Thus m | for some and
m¢® |& Thus, 1% = R andsat(l ®) = R. Therefore,| @ and sat(l ®) are strongly

(0; 0)-regular. O

Prop osition 3.3.3. Let| be a bihomaenousideal in R = K [Xg; i Xm; Yo; i3 Ynl-

Assumethat

i. Z=V() X=Pm™ P"is nite.
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i. 1 is weakly (p;p%-regular.
jii. | is genenated by forms of bidegree ( m; m9.
Then the saturation J of | © is weakly ((e  1)m+ p;(e  1)m°+ p)-regular.

Proof. The proof is by induction on e. Supposee = 1. In this case,it is necessary
to show J is weakly (p; p9-regular, i.e., H! (J)kxo = Ofor all (k;k% 2 Reg 1(p;p9.
SinceJ is a saturated ideal, H% (J) = (0 ;r J) = OsinceJ R, andH}!(@J) =
Jsa=J = 0 by Remark 3.1.9(5). Then H! (J)xxo = O for i = 0;1 and for all k; k°

If i 2, let I ;J be the shea cation of |;J respectively. Tensorthe exact
sequence

o 1 3 J= 10

with O(k; k% and considerthe resulting conomologysequence:
H' 3(Z:3 = (k;k9 ! HIX;H(kKY) T HI(X;I (kKY) T HY(Z;d =l (k;KkY):

SincedimZ = 0,H'(Z;J =l (k;k%) = Oandfori 1for all k;k° Sincel is weakly
(p;pd-regular, H(I (k; k%) = 0for (k; k% 2 Rea(p;pd. Thus, we have

H*(X;J (k;k9) = 0; 8(k;k9) 2 Regi(p;p); and (3.2)
HI(X;Jd (k;k9) = HI(X; I (k;k9); 8 2
Sincel is weakly (p; p9-regular, we have
HI(X;d (kk9)) = H'(X;1 (k) = 0; 8i 2 8(kik) 2 Reg(p;p):  (3.3)
Cormbining Equation (3.3) and Equation (3.2), we seethat
HI(X;J (k;k)) = 0; 8 1; (k;k) 2 Reg(p;p):
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SinceH " (3)kko = H'(J (k;K9), foralli 1, we have
Hi' (o= 0; 81 L (k;k9) 2 Reg 1(p;p?:

Therefore,whene= 1, J is weakly (p;p%-regular.

Assumethat e 2. Let | denotethe shea cation of I. The shea cation of
Jis ¢ and HO(X;1¢(k;k9) = Jxxo. Dene Z@ = v(19), which has the same
support asZ and is hence nite.

SinceJ is saturated, we have H! (J) = Ofori = 0;1. Let (I;19 = (e 1)m+

p;(e  1)m°+ p%). We must show that
HI(X:18(k:k9) = 0for (k;k9 2 Reg(l;19; alli 1
Tensorthe following exact sequence
0 Fole 1oje? Io1eige 0

with O(k; k9 and considerthe resulting cohomologysequenceSincethe support
of I ¢ 1=l ¢ is cortained in Z, which is O-dimensional,H' (X; 1€ =1 ¢(k; k%) = 0

fori 2. Therefore,we have
H (X; 18k kY = H X;1°¢ Yk:kY foralli 2
and the latter group vanishesby induction for all
(k;k9) 2 Reg((e 2)m+ p;(e 2)m°+ p) Reg((e 1)m+ p;(e 1)m°+ p:
Thus, we have the required vanishingfori 2. Now look at the sequence
HO(X;1® Y(k; k%) I HO(X; I ¢ 1= e(k; k9)
POHIOG TSk KY)  F HAX e Yk kD)
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By induction, the last term vanishesfor all (k; k% 2 Reg(l;19, sothat the next-
to-last term will vanish there provided we shaov that is onto for those same
(k; k9.
SupposeZ = fp;;  ;psg. Note, sincethe support is nite, we have
HOOXGT® 12 5K = HOOXG 1 =19 = (e "Ox;p=1 *Oxp)(k; k)
p2Z

We will show that for (k; k9 2 Regq(l;19 and for any

M
Lo IS el _=|® n .
W 2 | (1° Ox p, =1°0x p )(K; k9

with bihomogeneoudorms with degu; degv; = (k;k9, u; 2 1 Y wecan nd a

bihomogeneoug 2 sat(l © !)xxo and forms H; with H;(p;) 6 0, suc that
Hi(gvi uj) 2 1°foralli: (3.4)

This will prove the surjectivity of
Let | begeneratedby bihomogenouslemertsfq;  ;f, with bidegree(m;; m?)
(m; m9. We can write

X

- . e 2
Ui = a; f;;for somea; 2 1, 7 o mo

Notethat ( ; 9= (k m;;k® mf)2 Reg((e 2)m+ p;(e 2)m°+ pd), by our

initial choiceof (k; k9. Tensorthe following exact sequence
0O ! 1el 1 je2 | je2gel |
with Ox ( ; 9. Look at the sequence
HOOX51e 25 9) v HOXs1e 2o i( 5 9)
OHAX S R0 )t HAX e 25 9)
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Reasoningas before, we seethat  is onto for this ( ; 9. This meansthat for

ewery |, and eat

v—l';:::;v—s' 2 Nj (1° 20xp=1® "Ox;p )k m;;k® m))
we can nd a bihomogeneougy; 2 saf(l1® ?). o and forms H; with H; (pi) 6 0O,
sud that

Hi(gvi &) 21¢° *foralli (3.5)
We may replaceeadh H; by H; = Qj Hj . Multiply equation (3.5) by f; and sum
the result over j and dene g = P gf; 2 sat(l® ). Then we have obtained

equation (3.4), asrequired. O

3.4 Rank and Regularit y
In this section,we will prove someregularity results similar to those of Buse, Cox,
and D'Andrea [6] about the regularity. In this Chapter, we only talk about weak

regularity.

Lemma 3.4.1. Let | S = CJs;t; v] be minimally genented by r bihomae-

neous forms of bidegree (m; n), which means that the geneators have the form

i & s"t'v" 1. That is I = s™J whee J is geneated by homaeneus gener-
ators of degree n. If V(J) = ; in P, then| is (p;p%-regular for all p m and
pP° 2n r+ 1
Proof. This follows from Remark 2.4.12and LemmanB.1 in [6]. O

Remark 3.4.2 Similarly, let | S = CJs;u;t] be minimally generatedby r bi-

homogeneougorms of bidegree(m; n), which meansthat the generatorshave the
P : _

form ., a;s'u™ 't". That is| = t"J whereJ is generatedby homogeneougen-

eratorsof degreem. If V(J) = ; in P%,then| is(p;p9)-regularforallp 2m r+1

andp® n.
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Lemma 3.4.3. Letl R = C[s;u;t;Vv] be minimally geneated by r 4 bihomo-
gen®us forms of bidegree (m; n) with both m;n 1. AssumeV(l) P! Plis
nite. Given 2 Ry, let |- betheimageof | in the quotientring R=h'i. Then for

a generic ', |- is minimally geneated by at least 2 elements.

Proof. Let | be minimally generatedby p;; ;p;, where eadh p, has bidegree

(m;n) with m;n 1. Let
Z P! P(Ry)=P 't P!
be de ned by
Z=1f(a; allDj j(ap+ +ap)g;

andlet ;:Z! P"land ,:Z! P? bethe natural projections.

SinceV(l) is nite, p;; pr have no commonfactors. Otherwise, the common
factor will give a curve in V(1) which cortradicts the niteness of V(I). Thusthe
linear system of divisors given by a;p; + + a,pr = 0is reduced(seePage 130
[25]). According to Bertini's theorem (seeTheorem 7.19[25]) the generalmenber
of the linear systemis irreducible. Thus ,(a) = ; for a genericpoint a2 P" 1.
This meansthat ;(Z) is a proper subsetof P" 1. Furthermore, if ,%(a) 6 ;,
then ,'(a) is nite sinceayp; + + a p; is divisible by at most m linear forms.
This meansthe map ; is nite to 1. Thusdim(Z) r 2.

Now considera generic’ 2 P! and let (p;)- denotethe imageof p; in R=h'i. We
considertwo cases.

Casel: If ,(Z)6 P!, andif 2 »(Z), we havethat ,*() = ;. This implies
that there doesnot exist non zeroa;'s sud that a;p; + +ap = 0in R=hi. So

(pi)- are linearly independer.
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Case2: If ,(Z) = P then ,'() 6 ;; 8 2 P! By dimensiontheoremin
[39, Theorem 7, page60], we know that codim( ,*()) = 1in Z. This implies that
dim( ,*()) r 3for ageneric .

Since , (") = projective spaceof linear relations amongfp;;  ;p,gin R=N1i,
the spaceof linear relations amongthe (p;): hasdimension r 2. We know that
the sumof the dimensionof the spanand the dimensionof the linearly independen
relationsisr, this impliesthat at least2 of (p;)- arelinearly independen for generic

O]

Remark 3.4.4 The above result is true if the given genericelemen of ° is chosen

from Ro.1.

Theorem 3.4.5. Let | R = C[s;u;t; v] be minimally geneated by r 4
bihomageneus forms of bideggree (m;n) with both m;n 1, and assumethat

V(1) P! Plis nite. If | is the assmiated shaf on Pt P?, then:
I H2(1 (k:K9) = 0 8k:K® O
. HY(1 (k;k%) =0 8 2m 2andk® 2n 2

Proof. Proof of the rst claim:let Z = V(1) P! P Considerthe following
exact sequence:

OI I I Opl pl! Oz' O:

Tensoringwith O(k; k9 givesa long exact cohomologysequence:
I HYOZ(k;k9) ! HZ(1 (k;k9) ! H?(Op: pr(k;kY) ! H2(Oz(k;k9Y) !
SinceZ is nite, H'(Oz) = 0; 8i 1. Sowe have
H2(I (k;K9) = H2(Op: pi(k;k9) = 0; 8k:;k® 0
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by Kenneth formula [35].

To prove the secondstatemen, choosealine = 2 Ry sudh that V(*)\ V(I) = ;
and | = |- = the imageof | in R=h'i is minimally generatedby at least two
elemens. This is possiblesinceV(l) is nite, and by Lemma3.4.3,1 is minimally
generatedby at least 2 elemerts. Then by Lemma3.4.1,we know that | is (p;p9-
regularforp mandp® 2n 1.1f | is the sheafasseiated to |, then by

de nition of regularity, we have

lewo = HO(I (k;k9) 8k m; k° 2n 1

HY(l (k;k9) =08k m 1, kK% 2n 2
Now, we considerthe following exact sequence:
0! Op: pi( LO)! Op:i pr! O, =Opo pi=Op:! O
Tensoringwith 1 (k; k9 givesthe exact sequence:
Tor™ (1 (k;k%;0p1) ! 1 (k LKY! 1(kKY! Op: 0.1 0 (KKY 1 O

Note Op: o, ., | (k;k) = 1 (k9. I (k9 is the sheafrestricted to the line °,
where " is the projective line of Ry, denoted by P(R1,) in Lemma 3.4.3. Let
I be the image of I o in R=h'i, and I (k% the sheaf ass@iated to I Also
note that Tor,™* "*(I (k;k9; Op1) is supported on V(') = P P°, and I (k; k9
is locally freeon Pt P v(1), but V() \ V(I) = ; by choice of *. Hence

Tory™ (I (k;k9; Op1) = 0. Then we have the following exact sequence:
0! I(k LKY! 1(kkH! 1(kKY! o
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This givesthe following diagram:

o ! o ! 0
# # #

I HO( (k; K9) ! HO(I (K9) ! Hi(I(k 1;K9) !
H(I (k;k9) ! H(I (k9) !

with exactrows. Supposethat k m, k® 2n 1. This says that H(l (k%) = 0.

lko! lyois onto, and I = HO(1 (k9). Then the diagram givesan isomorphism
HY( (k Lk9Y) = HY(1 (k;k9); 8 m; k® 2n L
We can alsotensor the following exact sequence
0! Op: p2(0; 1)! Op1 p1! Opi! O
with 1 (k; k9. By the samereasoning,it will give an exact sequence
0! I(kk® ! 1(kkd! 1(k)! O

whoselong exact sequencen cohomologygivesthe following diagram:

| ko ! I ! 0
# # #

L HO(I (k; K9) ! HO(I (k) ! Hi( (kKO 1) !
H(I (k;K9) ! H(I (k) !

with exactrows.Supposethat k  2m 1andk® n. This saysthat H(I (k)) = O.

lwko! g isonto, and I, = HO(I (k)). Then the diagram givesan isomorphism
HY( (k;k® 1)) = HY(1 (k;k9); 8 2m 1, k° n:
This implies that
H'( (k L,k® 1))=H'(k;k9); 8 2m landk’® 2n L

This provesthat H(I (k;k9) =0 8k 2m 2andk® 2n 2. O
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Theorem 3.4.6. Letl R = CJ[s;u;t; v] is minimally geneated byr 4 bihomo-
gen®us forms of bidegree (m; n) with m;n 1, andassumeZ = V(1) P! P!
is nite. f p 2m 1, andp® 2n 1, thenl is (p;pY-regular if and only if
dim(R=1)p0 = degZ) where degZ) denotesthe degree of Z.

Proof. Whenp 2m 1landp® 2n 1, Theorem3.4.5impliesH(l (p;p%) = 0.
The exact sequence

O! I'! Oprpa! Oz! O

gives
0! H(I (p;p%) ! HOOp: pa(p;pY) ! HOOz(p;pY) ! O

We always have the following exact sequence:
0! Ipp! Rpp! (R=l)pp! O (3.6)

If 1 is (p;p)-regular, we have I 5.0 = HO(I (p;pY), and Rp.po = H°Og(p;p%). By the
5-lemma,we have (R=1)p.0 = H%(Oz (p; p%), thusdim(R=1)p.0 = dim H°(Oz (p; p%).

SinceZ is nite,
dimH%(0z) = deqZ) (see[39, page140-142):
SincedimH%(Oz) = dimH°(Oz(p;pY%) whenZ is nite. Therefore
dim(R=1)ppo = degZ):

On the other hand, supposedim(R=I),.,0 = degZ). SinceH (I (k; k%) = 0 for all

k;k° 0, by the de nition of (p;p9-regular, we only needto prove that

lppe = HO(1 (p;p%); andHY (1 (p L,p° 1) =0

fp 2m dl1andp® 2n 1,then HY(I(p 1;p° 1)) = 0 by Theorem

3.4.5.We know that 1,0 ! HO(I (p;p9) is injective, it is enoughto show that
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dim I o0 = dimHO(I (p; p%). According to the exact sequence
0! H(piP)) ! Rpw! HOOz(pip)! O
we know that
dimH°(I (p;p%) = dim Rppo  dim H®(Oz (p; pY)
= dmRyp dedZ) = dimRpe  dim(R=1)pp0 = dim |

The last equality is becauseof the exact sequencd3.6). Thus | .0 = HO(I p.p0) and

| is (p;pY-regular. O

Example 3.4.7. The following example shows the result of the computation by
Theorem 3.4.6is the sameas the result of the computation by the free resolution
of I.

I = (ut?v;u?t® + suvd; stv?; s2v3 + s2t3)  K[s;u;t;v]. V(1) = (0:1;0:1)
P! P! A computation with Singular shons dim(R=l)s5 = degV(l) = 2.1 is

weakly (3; 5)-regular. We have a free resolution for | asfollows:
0 ! R(3 6) R 4 5 R( 4 6 1

R( 2, 6) R¥ 3 5 R 4 4 R(3 6) 1 RY 2 3
T I 0

where , is represemed by the 1 4 matrix [u?t?v; u?t® + suv?; s?tv?; s?v3 + s?t3],

1 isrepreseted by 4 7 matrix

2 3
t3+ v utz2  uv? Ut 0 suv + u?v 0
0 stv  st? s?v s’t  suv 0 ut® + sv37
0 sv? sty 0 suv st 0 |
tv? uv? 0 0 uv ut 0
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and ; isrepreseted by 7 4 matrix
2

0O t O V2
0 % t 0
0O O v 0
0O O 0 S

| is alsoa strongly (3;5)-regular.

3.5 Local Complete Intersection and Koszul
Syzygies

Let X beasmaoth surfaceover C, andl Oy acoheren sheafof ideals.Suppose

that Z = V(I ) isa nite set. We call the points of Z basepoints for | . The reason

for the terminology is that we considerthat | comesrom anideall in a polynomial

ring, and we think of generatorsof | as providing a rational map X ! PN and Z

the basepoint locus of this map.

De nition 3.5.1. The basepoints arelocal completeintersection (LCI) if for every

point p2 Z, | Ox,, is a completeintersectionideal, i.e., it is locally generatedby

two elemerns.
Recall that given elemens r;;  ;r, in any comnutative ring R, a syzygy
(as; ;an) is a relation a;rq + + a,rp, = 0for a 2 R. A Koszul relation

is one of the form (rj)ri + ( ri)ry = Ofori 6 j. Let Syz(ry; ;r,) be the sub-
module of R" generatedby the syzygies.Let Kos(r,;; ;rn) Syz(i; ;rn) be

the submadule generatedby the Koszul syzygies.
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Considerthe special caseR = C[s;u;t] and | is generatedby the homogeneous

formswith Z = V(1) P? a nite setof points.

De nition  3.5.2. A syzygy(ai; ;an) 2 Syz(i; ;rn,) vanishesat all base
points if & 2 15 wherel s = fr 2 R :Is;t;vikr | for somekg for ead i. If &
is homogeneou®f samedegreed;, this is equivalent to say a; belongsto the ideal

| Op2.5(di) forallp2 Z, for all i.

The equivalenceof the two conditions in the above de nition follows from the
facts: 158(di) = HO(P?;1 Op2(d)) and I 53(d;) = Op2,, for all p2 Z.

Cox and Sdend [11] have proved the following result:

Theorem 3.5.3. If | = hy;fy;fsi R = C[s;t; u] whee f; is a homagen@us
polynomial of degree d;, the maodule of syzygiesvanishingat Z is geneated by the

Koszul syzygiesf and only if Z is a local completeintersection.
We will extend this result to the bigraded casein this section.

De nition 3.5.4. Let R = [s;u;t; v], wheres;u have bidegree(1;0) and t; v have
bidegree(0; 1). Let I = ha;b;ci, where a;b;c are bihomogeneougpolynomials. A
syzygy (A; B; C) on the generatorsof | = (a;b;c) vanishesat the basepoint lo-
cusZ = V(1) if A;B;C 2 1M = fr 2 R:m*r 1|; for somekg wherem =
hst; sv; ut; uvi. If A; B; C arebihomogeneougormsof bidegree(d;; d° fori = 1;2; 3,
this is equivalert to say that A 2 1 0p: p1p(di; d?), etc., for all p2 Z. The equiv-
alencefollows as before, noting that | ™s3(d;;d% = HO(P! P;10p: p1(di;dY))

and [ Op1 p1p(di;d) = Op1 prp(di;d) forall p2Z.
Remark 3.5.5 Considerthe exact sequence:
e L 3 . (a;b;0) .
0 ! Syz(@;b;c) ! "L R( d; d) [ 0
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L
3 R( di; d9, we will say that

Since Syz(a; b;c) is a bigraded submadule of
(A; B;C) 2 Syz(a; b;c)k, hasbidegree(k; ). Note that aspolynomialsthe bidegree
of Ais(k dy;l df), sinceA 2 R( dy; d9)y., etc. In other words, the polynomial

expressionAa + Bb+ Cc hasbidegree(k;1):

If all (di;d% are equalto a xed pair (m;n), then a bihomogeneoussyzygy
(A; B; C) of bidegreg(k; 1) will have A; B; C all bihomogeneousfthe samebidegree
(k- m;l n). Someauthors call this a syzygy of bidegree(k m;I n). We will
call (A;B;C) asyzygyof pure degree (k  m;| n).

For rest of the section,we will let R = CJs;u;t; v] bethe bigradedcoordinate ring
of P! P!, andconsiderthe ideal | = H;f,;fsi R, wheref; is bihomogeneous

of bidegree(d;; d?). The f; form a regular sequenceén R if and only if the following

Koszul complexis exact.

2 3
fa
E fs (3.7)
f
= P 1L
0! R( >y di; ey !  RCdd; o d)
2
f, f3 O
f, 0 fi
0 fi f,
[f1 f2 fal]
! SUR( d; d9) P11 oo

We will discussthe situation whenZ = V(1) P! P!is a zero-dimensional
substieme,sothat | = H;f,;f3i hascodimensiontwo in R. We call Z the base
point locus of fq;f,;f3. If I has codimensiontwo, f;f,;f3 will no longer be a
regular sequencesinceR is Cohen-Macaulg.

Lemma 3.5.6. If | = Hq;f,;fsi hascodimensiontwo in R, then (3.7) is exact

L
exeptat >, R( di; d?). In particular, the Koszulcomplexof f;f,; f 5 givesthe
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exactsejuenes:

x3 x3 M M
0! R( di: d) ! R( d dj d d)! R( d; d
i=1 i=1 i<j i=1
and
M
R( d; d)! 1! 0

Proof. The exactnes®fthe rst sequencavill follow from the Buchsbaum-Eisebud
exactnesscriterion (page 500[15]). To apply this criterion, we needto ched the

following rank conditions:

2 3 2 3
fo  f3 0 fa
M
rank  R( d d; o d)=rank@ f, 0 fz%+rank@ f,4; (3.8)
i<j
0 fl fz fl
2 3
fs
xe x3
rankR( di: d) = rankR f,%; (3.9)
i=1 i=1
fi

(3.8) is true since both ranks are 3, and (3.9) since both ranks are 1. It is also

necessaryto che the followingzdepth condition%; Let J bethe ideal generatedby
f, fz3 O
the 2 2 minors of the matrix E f, 0 fj % which is the ideal

0 fi f2

J = W ofafof g fafy f2,12, 120,

then

depthd = codimJ = 2
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sinceRJs a %ohen-MaCauley ring. The ideal generatedby the 1 1 minor of the
fa

matrix g fé is just I, and

fi

depthl = codiml = 2:
]

De nition  3.5.7. A Koszulsyzygyonfi;f,;fs is an elemen of the submadule

2 3
fo, f3 0
g fi O f3§
0 fi  fo
Corollary 3.5.8. If | = h;f,;f3i is a codimensiontwo ideal, then
x3 x3 M
0! R( di: d ! R( d d; d d)! KI 0 (3.10)
i=1 i=1 i<j

Note: K is a proper submadule of the syzygy module S de ned by the exact
sequence
M
0! S! R( d; d)! 1! o
i=1

sincecodiml = 2, the Koszul complexis not exact.

According to [40, page32], we have the following de nition:

De nition  3.5.9. A submauleM of a nitely generatedbigradedfreeR module
F is saturated if

M=fx2Fjmx Mg

71



We de ne the saturation of M to be
MMsat = fx 2 Fimkx M; for somekg:

wherem = hst; sv; ut; uvi. We will usethe notation M & for this, the ideal m

being understood.

Remark 3.5.10 M is saturated if and only if M = M s&,

Proof. SupposeM is saturated, we will prove that M = M3, SinceM  Ms&,
we only needto shov M3 M whenM is saturated. Let x 2 M &, There exists
ak such that m*x = mm* x M. SinceM is saturated, we have m* x M.
We can repeat the processuntii mx M. Thereforex 2 M. Thus, Ms& M,
and we proved that M = M s&,

On the other hand, supposeM = MS& if x 2 F suc that mx 2 M, then

X 2 Msa& = M. Therefore,M is saturated. O

Prop osition 3.5.11. Let M be a bigraded submalule of a free R = K[s;u;t; v]-
moduleof nite rankF. LetM bethecorrespndingcoheentshafonX = P Pl

Then

MES = HOOX M (K 1):

Proof. For any nitely generatedbigraded R-module we have an exact sequence
(see[24))
M
0! H2(M)! M! HO(X; M (a;b) ! HL(M)! O
(a;p)222
We will show that H! (M) = O wheni = 0;1if M is saturated. This is su cient

sinceboth M and M & generatethe samesheaf.SinceH' (R) = 0, fori = 0;1,

and M is a submadule of a free R-module, it is clear that we have vanishing for
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i = 0, and this doesnot dependon M beingsaturated. The long exactcohomology

sequencdor

hasa piece

H2(F)! HO(FamM)! HL(M)! HL(F):
Sincethe extremeterms are zero, we get an isomorphism
HAH(M) = HE (FaM)
But the right-hand sideis M s3=M, proving our claim. O

We will usethe following well-known results:

Prop osition 3.5.12. LetR bea Noetherianring, J R anideal,andM a nitely

genented R-module. The following are equivalent:
1. AssM) V(@J).
2. SuppM) V().
3. There existsn 0 suchthat J"M = 0.
When this is so,H}(M) = M.

Proof. The equivalenceof (1) and (2) follows from the fact that both Ass(M ) and
Supp(M) have the sameminimal elements ([37, Theorem 1, p. 7]). Assume(3)
holds, and let p be prime ideal in the support of M. Let m=s 2 M. If p + J
there would exist x 2 J np, and clearly x" 2 J" np for any n 1. But then
x"m = 0, and this shows that m=s= 0, showving that p cannot be in the support

of M. Conversely assume(2) then ([37, Prop 3, p. 5])

Supp(M) = V(ann(M)) V(@)
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shaws that P J P ann(M ), from which (3) follows easily
To seethe last statement, note that HY(M) = fm 2 M : J*m = 0 for somekag.

[J

Remark 3.5.13 If M is a bigraded module over the ring R = K[s;u;t; v], the
elemerts of Ass(M) are bihomogeneousMoreover, taking J = m the irrelevant

ideal, the conditions of the previousproposition are easily seento be equivalert to

4. There exists m; n sud that My, = O wheneverk m and| n, which we

abbreviate by writing (k;1)  (0;0).

De nition  3.5.14. The bigraded Hilbert polynomial P(M) of a nitely generated

bigraded R-module M is the unique polynomial sud that
P(M)(n;n% = dimc M0
for all n;n°>> 0; whereM 0 is the bigraded pieceof M in degree(n; n9.
Note: if M is the sheafof modulesassaiatedto M, for n;n°® 0, we have
P(M)(n;n% = dimc M0 = dimH°(PY  P%: M (n;n9%):

Remark 3.5.15
P(M) = P(MS®):

Proof. Let Q = M3=M. Sincem'Q = 0 for somer, we must have Qo = 0 for

k;k® 0, asin the previousremark. ThusP(M) = P(M s&), O

Lemma 3.5.16. LetM N F be bigraded submauleswheee F is free of nite

type. If M is saturated, thenM = N if andonly if P(M) = P(N).

Proof. Wewill only showv that P(M) = P(N) impliesthat M = N. P(M) = P(N)

says that there exist n; n°such that Mo = Nyyo forall k- n;k® % Let app 2
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Np:po Wherep < n, or p°< n° Wecan nd an sud that m ayp  Niko = Myxo

for somek n;k° nC SinceM is saturated, M = M, thus a2 Mpo. O

Let S be the syzygymodule, K the Koszul syzygy module and V the module of

syzygiesfor f1;f,; f3 vanishingat the basepoints Z of | = H 1;f,;fai.
L
Lemma 3.5.17. K;V are submalulesof ~ >, R( di; d?).V is a saturated sub-
t P 3 0 P 3 0
module, and K ko = K24, when (k — di+ 1)(Kk _,d’+1) O

L 3

Proof. We know that KV 1 R( di; d). We rst considerV. By de ni-

tion, we have

M
V =S\ 12 d;; d:

i=1
Note that S = S5&, or equivalertly, that S is saturated. To seethis, let (a;b;c) 2
R3 sud that m(a;b;c) S. This meansthat for all h 2 m and h(a;b;c) 2
Syz(f 1;f,;f3). This saysthat h(af;+ bf,+ cf3) = 0.But R hasno zerodivisors,thus
(a;b;c) 2 S, which shaws that S is saturated. Sincethe intersection of saturated
submadulesis saturated, V is saturated.
: P 3 P 3
We will shav K &% = Ko for all (k =y i+ 1)(K° S, d°+ 1) 0. Let
L 3 . . P 3 0 P 3 0

r=rwo2 -, R( di; d® with bidegree(k = i+ 1)(Kk o, d’+1) 0
and satisesmr K. We will shavthat r 2 K. Let L = K + Rr. Considerthe

short exact sequence

oy K L! L=K! O
We get a long exact sequencen local conomology
0! H2(K)! H2(L)! H2(L=K)! HX(K)!
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L
SinceK | S R( di; d9, HY(K) = 0. Also considerthe exactlocal cohomol-

ogy sequencef the exact sequencg3.10)

M . _ x3 x3
Hio(R( d di; o d)e! Hp (Ko ! Hipt (R( di; dP):

i<j i=1 i=1

H%(K)k;ko = O If

M
Ho(R( o d; o d’)kw= 0and (3.11)
i<j
X3 X3
H2 (R( di; d)) ko = O (3.12)
i=1 i=1

Sincewe know that R is strongly (0; 0)-regular, Equation (3.11) holds for all

k; k% and Equation (3.12) can be written asthe following

xe xe
HA(R) P g s, o= H'(P' P%0Op: pu(k di; k° d)) = o
i=1 i=1
Now apply the Keunneth formula, [35]:
x3 x3
HY(PY P 0Op: pi(k di; K° d)
i=1 i=1
M S _ x3
= H'(PY O(k d)) H POk d?)
i+j=1 i=1 i=1

By Serre'scomputation of the cohomologyof projective spaceand this last one

: P 3 P 3 P 3
clearlyis 0,whenk =", d 1,8, orl= = d 1,8kork> = d 1,

P P P _ P
> 2 d lork> 2 d 1,1> 2 d 1ie (k S g+ 1)(K°

P

S, d+ 1) 0.
Therefore, we have
x3 x3
HL (K)o = 0; when(k di + 1)(k° d+ 1) o
i=1 i=1

: L 3 0 o
SincelL | "L R( di; d9), H2 (L) = 0: This implies that

x3 X3
H2 (L=K )ixo = 0 when (k di + 1)(k° d+1) o (3.13)

i=1 i=1
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Clearly, m L=K = 0 for some and by proposition (3.5.12) and the remark

following, this implies that Supp(L=K) V(m). It is well-known that this last

condition implies that H2 (L=K) = L=K, and from equation (3.13) this gives
P 3 P 3 :

Liko = Kyxo when (k =, di+ 1)(K° ~, d°+ 1) 0. This meansr = ryo 2

Kk.ko and Ky.xo = K,f?lfo for those sameindices, which was proved. O

Theorem 3.5.18. Let O, bethelocal ring of a point pin P* P! andletl, O,

be a codimensiontwo ideal. Then
dimcl p=l 2 2dimcOp=l
Furthermore, equality holdsif and only if |, is a completeintersection in O,.

Proof. See[23, Folgerung?2.6 Page 154]. Note the proof of the theoremin [23 is

for P2, but it only usesthe local condition, the result is true for Pt P O

Theorem 3.5.19. If | = HF;f,;fsi R hascodimensiontwo, then K&t = V if

and only if 1 is a local completeintersection.

Proof. SinceKs3' =V , P(Ksa) = P(V), we will compute both P (K $2); P (V).

X
P(K)=P(K*=)= PR( d d; d d) PR di; d)):

i< i=1 i=1

P (K **)(k; k9)

— X 0 0 0 )@ 0 )@ 0
=k d gG+1E & d+1) (k d + 1)(k d+ 1)
i<j i=1 i1
NG

(k d+ DK d+1) (k+1k’+ 1)

i=1

L
Now considerP (V). SinceV = S\ ~ > 152 d;; d?), and

M
0! S! R( d; d)! 1! 0

i=1
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we will have the exact sequence:

M
0! V! IS di; d ! 11t o

i=1

Then
x3
P(V)=  PU( d; d)) P(I%:
i=1
Since0! 11 R! R=Isa1 QandV(I%) = V() = Z is zero-dimensional,
we have

P(%) = P(R) P(R=I"*)=P(R) degZ)

Therefore
x3

P(V) = P(R( d; d)) 3degz) P(I1%:
i=1
Note that I2;11% have the samesaturation. To seethis, it is enoughto shav
P
| | sat (1?33, since |2 [15a Let f 2 |15 sof = :(=1 fig with f; 2
| ;g 2 |53, But there exist an n sud that bst; sv;ut; uvi"g, | for all i, therefore

f 2 (1238 Thus from remark (3.5.15),we get P(12) = P(11%%). Now

x3
P(V) = P(R( di; d?) 3degz) P(I3?:

i=1
The exact sequences

0! 12! R! R=I?!l 0

and

0! I1=1?! R=I?! R=I! 0

give

P(I1>)=P(R) P(R=I>)=P(R) P(I=1?) deg2):
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Therefore, we have

P(V)(k; k9
x3

P(R( di; d)(k;k) P(R)(kK) 2dedZ)+ P(I=1%)(k;k)

i=1

(k o+ 1)K d°+ 1) (k+ 1)(k°+ 1) 2degZz)+ P(I=1?)(k;k9

i=1

Comparing P (K ) and P(V), we see
P(KS®=P(V) () P(I=1? = 2dedZ):

If | is the ideal sheafof Z, then

X
degZ) = dimcH%Z;0z) = dimcH°(P* P 0p: p:i=l )= dimcOp=l p;
p2Z

whereOy; | , is the localizationat p 2 Z. Sincel =I 2 haszerodimensionalsupport,

we have
X

P(1=1?) = dmcH(P* PH1=1%) = dimcl =l [
p2z
By Theorem 3.5.18,we know that
dimclp=l 2 2dimc Op=l
for every p 2 Z with equality holdsif and only if I , is LCI. Therefore,we have
P(1=1?) = 2degZ), dimcly=l = 2dimcOp=l; 8p2 Z;

and we concludethat

P(1=1%?) = 2degZ), | isLCL.

[J

Corollary 3.5.20. If | = Hq;fy;f3i R has codimension two, and the bidegree
. L 3 P 3
of f; is (di;d?), then Kyyo = Vo -, R( dj; d).k0 when (k O +

P
1)(k° > d°+ 1) 0, if andonlyif | is alocal completeintersection.
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Proof. (( ) If I is LCI, then K% = V by the theorem. But Ko = K¢ when
P 3 P 3
(k —di 1)(k° —, d°+ 1) 0, by Lemma3.5.17.
P 0 P 0
0 ) If Kyo= Viqowhen(k 2. d 1)(k® 2, & 1) 0, thenP(K)=
P(Ksa) = P(V). By Lemma3.5.17,we have K& = V. By Theorem 3.5.19,we

have |l is LCI. ]

Example 3.5.21 The following example shows that not all syzygiesvanishing at
the basepoint are Koszul syzygies:

Let | = hs?v?;u?t?;s%t%i. The only basepoint of | isp = (0: 1;0: 1), and
|, = hs?;t2i. The basepoint is a local completeintersection. Considerthe syzygies
(sut®v; 0; sut?v®) and (0;s*utv; s?utv) of pure bidegree(2;5) and (5; 2) respec-
tively. By de nition, they vanish on the basepoint, sincem(sut®v;0; sut?v®) I,
m(0; s*utv; s?ultv) |. But neither one of them is a Koszul syzygy sincethe

Koszul syzygiesare generatedby

(U?t?;  s?v?;0); (s%t%;0; s?v?);(0;s%t?; u’t?):
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4. Surface Implicitization

4.1 Intro duction
This sectionwill be dewted to a seart for a generator of the ideal | (V) where
V  P3is a surfacewhich is descrited parametrically by a parametrization

P! P! P3 Themap isgivenby
(s:ut:v)y=(a(s:u;t:v):b(s:u;t:v):c(s:ujt:v):d(s:u;t:v);

where a; b;c;d are bihomogeneougolynomials of bidegree(m; n) in the ring R =
C[s;u;t; v]. Sud parametrizations are sometimesreferred to as tensor product
parametrizations. Assume gcd(@; b;c;d) = 1. If  has no base points, that is
V(a;b;c;d) = ; in P! P1, and is generically one-to-one,then the image of
is asurfaceS P3 of degree2mn, [9, Theorem 3.1], [10].

In the polynomial ring C[s; u;t; v; X1; X2; X3; Xa] = R[X1;X2; X3; X4], considerthe
polynomial Ax;+ Bx,+ Cx3+ Dx4 whereA; B;C;D 2 R arebihomogeneousfthe
samebidegrees!f we x apointp= (s:u;t:v) 2 P! Pl then A(p)x1+ B(p)Xo+
C(p)x3+ D(p)x4 = Ois an equationof a planein P3. When the point p changeswe

will have di erent equationsof planesin P 3. This suggestghe following de nition:

De nition  4.1.1. A moving plane on P2 is a polynomial of the form
AX1+ BXo+ Cxz+ Dxy

where X1; Xo; X3; X4 are homogeneousoordinates on P2 and A;B;C;D 2 R are
bihomogeneousf the samebidegree(k; 1), which we will call the bidegreeof the
moving plane. We say the moving plane followsthe parametrization if the graph

of ,G( ) V(Ax;+ Bx,+ Cxz+ Dxy). Note that this means
A(p)a(p) + B(p)b(p) + C(p)c(p) + D(p)d(p) = 0; 8p2 P* P
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which is equivalert to
Aa+ Bb+ Cc+ Dd= 02 CJs;u;t; V]

where a;b;c;d are parametersof the surface.Thus the moving plane follows the

parametrization if and only if
(A;B;C;D) 2 Syz(a; b;c;d)
where Syz(a; b;c;d) denotesthe syzygy submadule of R* determinedby a;b;c;d.

For the samereason,we give the following de nitions:

De nition  4.1.2. A moving quadric is a polynomial of the form
AT+ Bxixp+  + JX§

whereA; ;J 2 R are bihomogeneou®f the samebidegree(k; 1), which we will

call the bidegreeof the moving quadric.

A moving quadric follows the parametrization , if
(A;B; ;J) 2 Syz@*ab;, ;d):

Considermoving planesand moving quadricswith bidegree(m 1;n 1) which
follow the parametrization . If Ry, denotesthe bihomogeneoudorms of bidegree
(k; 1), then the moving planesof bidegree(m 1;n 1) make up the kernel of the
map

MP :R}

(asbic;
m 1n 1 Id) R2m 1;2n 1

(A;B;C;D)! Aa+ Bb+ Cc+ Dd;
wherethe map is represeted by the 4mn  4mn matrix M P. The moving quadrics
of this bidegreemake up the kernel of the map

(az;ab;:::;dlz)

. P10
MQ Rm 1n 1 R3m 1;3n 1
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(A;B; ;J)! Aa’+ Bab+ + Jd%

wherethe map is represeted by the 9mn  10mn matrix M Q. If  hasno base
points, then M P is an isomorphism[9, page 9], [13]. Thus there are no moving
planesof bidegree(m 1;n 1). Now considerM Q. Sincedim Ry, = (k+ 1)(I+ 1),

sothat dimRY ., ; dimRzm 13 1= 10mn  9mn = mn; it follows that
dimSyz@% ;d*)m 10 1= mn () MQ hasmaximal rank:

If M Q hasmaximal rank, we will have mn linearly independent moving quadrics

of bidegree(m 1;n 1) which follow the parametrization . Each one of these

mn moving quadricsQ; (1 i mn) canbe written as
Qi = Aixi + + JiXi
X 1X 1 . K o1x 1 .
= ( Aij S txE+  + ( Jij kS t)x3
j:0 k=0 ]:0 k=0
R 1K 1 |
= (Ai kxi + + Jij |(X421)SJ tk
=0 k=0
X 1 1 |
= Qij k(X1 X2; X3; X4) S t¥
=0 k=0

whereQ;; « is a quadricin Xq; X2; X3; X4 With coe cien ts in C. We arrangethe Qj; «
into a squarematrix M of sizemn mn, where the columns of the matrix M
are indexed by the monomial basisof Ry, 1.n 1, namely f s/ t“g, and the rows are
indexed by the mn moving quadrics Q;. Sinceead erntry of M is a quadric in

X1, X2; X3; X4, We may write
M = (Qj;«);

sothat the determinart of M, jM j, isa polynomialin X1; X;; X3; X4 of degree  2mn.

The main result of [1(] is
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Theorem 4.1.3. Supmwsethat :P! P!! P32 hasno basepoints andis gener-
ically one-to-one.If M P has maximal rank, then so does M Q and furthermore,

the imageof is de ned by the equationjM | = O.
Proof. Seeg[9, p.7]. O

The goalof this chapter is to prove a similar result in the presenceof basepoints.
In the casethat P* P! is replacedby P?, sud as extensionhas already been

doneby Buse, Cox, and D'Andrea [6].

4.2 Base Point and Multiplicit vy
We are goingto recall the multiplicit y of a module. For details see,[15, p.280]and

[4, Ch.4]. We rst give somebasicde nitions.

De nition 4.2.1. Let (R;m) be alocal ring, M an R-module. An ideall m

such that m"M I M for somen is called an ideal of de nition of M.

The multiplicit y of a module with respect to an ideal is de ned via the Hilb ert-

Sanuel polynomial:

De nition  4.2.2. Let (R;m) be a Noetherian local ring, let M 6 0 be a nitely
generatedR-module, and | an ideal of de nition of M. Let P(n) = P;.y (n) bethe

Hilb ert-Sarmuel polynomial. We may write P (n) uniquely in the form

xd
P(n)=  aFi(n)
i=0

n

where Fi(n) = is the binomial coe cient regardedas a polynomial in n of
degreei, the g are integers,and ag 6 0. The integer a4 is called the multiplicity
of | on M, written (I ;M). The degreeof P(n) isd= dimM 1, and the leading

coe cient of P(n) is el ;M )=d, wheree(l ;M) > 0.
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Computing €(l ;M) is dicult. The following theoremswill shov that we can
replacean arbitrary ideal of de nition of M by anideal J which is generatedby a

systemof parametersof M sud that e(l1 ;M) = e(J;M).

De nition  4.2.3. Let R be a Noetherianring, | a proper ideal, and M a nite
R-module. An ideal J | is called a reduction ideal of | with respectto M if
JI"™ = 1"1M for somen 0.J is calleda minimal reduction ideal of | if J is
a reduction ideal of I and J itself doesnot have any proper reductions.If J is a
reduction ideal of | and is generatedby a regular sequencethen J is a minimal

reduction ideal of | .

Lemma 4.2.4. Let (R;m) be a Noetherian local ring, M a nite R-module,| an
ideal of de nition of M, and J a reduction ideal of I with respgct to M. Then J

is an ideal of de nition of M, ande(J;M) = ¢l ;M).
Proof. See[4, p.182]. O

Theorem 4.2.5. Let (R;m) be a d-dimensional Noetherian local ring, suppose
R=m is an innite eld, andlet g = hu;; ;usi be an m-primary ideal. Then
ify = i gu for1 i danda; 2 R ared ‘suciently geneal linear
combinations of uy; ;Us, the ideal b = hyy; ;Yqi is a reduction of q and

fyi;  ;yqgis a systemof parametersof R.
Proof. See[29 p.112, Theorem14.14]. O

Remark 4.2.6 If R is a K -algebra,and R=m = K, then the linear combinations

can be taken to be K -linear combinations.

Remark 4.2.7. If R is Cohen-Macaulg, then x, a systemof parametersin R, is

equivalent to an R-regular sequenceln this caseto computee(l ;M) isto compute
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e(x; M), which is dim R=I. For details, see[22, p.4, Propostion 1.5]and [32 p.312,

Theorem9].

Now we are goingto talk about the intersectionmultiplicit y. For details, see[21,

p.361].

De nition 4.2.8. If C and D arecurvesin a projective spaceX with no common
irreducible componert, andif p2 C\ D, then wede ne the intersection multiplicity
(C:D)p of C and D at p to be the length of O,.x =Hf ;gi, where f;g are local
equationsof C;D at p. The length is the sameas the dimension of a C-vector
space, that is dimc Opx =Hf; gi. Moreover, ff;gg is a system of parameters for

Op:x, s0(C:D)p = e(f;gi;Opx).

Remark 4.2.9 Bezout's Theorem in P! P! Let C;D becurvesin P! P!
with no common componerts. If C hastype (mi;n;), and D has type (m5; ny),
whereC = V(f) and D = V(g) with f; g bihomogeneou®f bidegree(m4;n;) and
(m3; ny), then

X

minN, + Mong = (C:D)p
p2C\ D

Proof. See[2], p.361,Example 1.4.3]. O

Now, we will give a formula for the multiplicit y of the basepoints.

De nition  4.2.10. The degree of a surface in P? is the cardinality of the inter-

sectionof the surfaceand a genericline in P3.

De nition 4.2.11. Thedegreeofamap :P! P! P3isj I(y)jfor ageneric
y2Im( )= S. See[3], p.46]

Theorem 4.2.12. Supwse :P! P!! P2 is de ned by homamen@us polyno-
mials a;b;c;d of bidegree (m; n) with no commonfactors. LetZ = fx 2 P P!:

a(x) = b(x) = ¢(x) = d(x) = 0g be a nite setof basepoints, | = ha;b;c;di, and
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letS= (P! P! Z) betheimage.AssumedimS = 2. Then

X
2mn = degSdeg + &(lp; Op) (4.1)
p2z

whee Op = Op: p1y, Ip = ;1 6;di, whee &; 1 &;d are the elementsin O, deter-

mined by a;b;c;d, and &(l ; Op) is the multiplicity of I, asa Op-module.

Proof. Sincebasepoints areisolated, V(l) = fpg impliesmy 1, for somes by
Nullstellensatzwherem, O, is the maximal ideal. Thus e(l ; O,) is de ned, and
we call it the multiplicit y of the basepoint.

claim1:If I, = ha; I e;di, then |, hasa reduction ideal J, which is generated
by a regular sequencef O, and the generatorsof J, can be chosento be generic
C-linear combinations of &; b;e; d.

proof of claim 1: Applying Lemma4.2.4, Theorem4.2.5,and Remark 4.2.6, we
can nd a reduction ideal J, of I ,, sudh that the generatorsof J, are genericC-
linear conmbinations of &; B;e; d"'which form a systemof parametersof O,. SinceO,
is a regular local ring, it is a Cohen-Macaulg ring. By Remark 4.2.7,a systemof
parametersof O, is a regular sequenceThis says that J, is a reduction ideal of I,

which is generatedby a regular sequenceand we have
&(lp; Op) = &(Jp; Op) = dim(Op=Jy):

Thus claim 1 is proved.

Proof of Equation (4.1): : P! P!! P23 isdened by polynomials a;b;c;d

of bidegree(m;n) and S = (P! P! Z) whereZ = V(a;b;c;d). Consider

(;) P32 P3where =(1; 2 3 a)and = ( 1; 2 3 4) arein P3: Let

f = 1a+ 2b+ 3C+ 4d, andg 1a+ 2b+ 3C+ 4d,

with

c =v() P! Pl andC

Vg) P' Ph
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Considerthe inclusion map
i:Pt Pt Zz] P3

By Bertini's theoremthe variety C is nonsingularoutsidethe basepoint setZ for
a\generic" . That is, for in an open densesubsetU of P23, C is nonsingular

outside Z. Now considerthe inclusion map
c ) P

If 2 U, then C is a curve and the fg g ,ps IS a linear systemon C . By
Bertini's theorem, there is an open denseset U sudh that if 2 O,thenC \ C
is nonsingular outside of Z. Thus we can choose ; sud that C ;C intersect

transversally outside Z. By Bezout'stheoremfor P! P!, we have

X X X
2mn = (C:C )= (C:C)p+ (C:C)
p2C \ C p2C \C Zz p2>%
= the numberof pointsin (C \ C Z)+ (C :C)p:

p2Z

For a genericline L in P2,
degS = the cardinality of S\ L:

Linesin P2 are parametrizedby P3. Thus, there is an open densesubsetC. . of
P3, sud that C ;C intersecttransversally, and degS = the cardinality of S\ L.

That is,
the number of points in (C \ C  Z) = the cardinality of (S\ L)

and is the sameasdegS deg . Therefore,we will have
X

2mn = degSdeg + (C :C)p:
p2Z
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wheredeg = the cardinality of a preimageof a genericpoint in S.

Accordingto claim 1, there is an open densesubsetof P23 sud that for ead p 2
Z, J, isgeneratedby C-linear conbinations of &; ;&; dwith e(l,; Op) = €(Jp; Op) =
dim(O,=Jp). Sincewe have nitely many basepoints, there is an open densesubset
U of P3 suc that if ; ;L are chosenfrom U, then e(1,;0,) = €Jp;0p) =
dim(Op=J,) = (C :C ),; 8p2 Z. Therefore,we have

X X
2mn = degSdeg + (C :C)p=degSdeg + &(l p; Op):

p2z p2z

4.3 Multiple Base Points of Total Multiplicit y
K mn

In this section, we will extend the method of moving quadricsto the casewhere
multiple basepoints are preser.

Throughout this section, will beamap :P! Pl! P3givenby (s:
u;t:v) = (a:b:c:d) wherea;b;c;d are bihomogeneougpolynomials of bidegree
(m;n), and | = ha;b;c;di. Someconditionson related to the basepoints canbe
imposed.Among them are:

BPC1: a(s;u;t; v);b(s;u;t; v); c(s; u;t; v); d(s; u;t; v) are bihomogeneousof bide-
greem; n and linearly independen over C.
BPC2: V(I) consistsof a nite number of basepoints with total multiplicit y k
mn.
BPC3: the basepoints are LCI.
BPC4: dimc(R=1)om 120 1 = degV(l)).
BPC5: d 2 sat(a; b;c) and dim Syz@;b;¢)m 1n 1= 0.
We explain the basepoint conditions as follow:

1. Condition BPC1 says that Im( ) is not in any planein P3.
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2. The niteness of V(1) in condition BPC2 is equivalert to the assumptionthat
gcd(@;b;c;d) = 1,andk mn, degSdeg mn by Theorem4.2.12.

3. The LCI condition will give the relationship betweenthe syzygiesvanishingon
the basepoints and the Koszul syzygies.Sincethe basepoints are local complete
intersection, the degreeformula for the image of the parametrization givenin the
introduction involvesthe sum of the multiplicities of the basepoints. This equals
deg V(1)) only whenV(l) is a local completeintersection.

4. Condition BPC4 is equivalert to the regularity conditionson | .

5. If we replacethe input polynomialswith genericlinear combinations of them,
condition BPC5 implies that the moving quadricscomingfrom the k linearly inde-

pendert moving planesby multiplying by X1; X»; X3; X4, are linearly independer.

Lemma 4.3.1. If :P! P!! P2 satis es basepoints conditions BPC1, BPC2,
BPC3, BPC4, thendim Syz( )m 1n 1= k.

Proof. Considerthe following exact sequence:

(abic,
0! Syz()m 1n 1! R; n 1 : C!d) Rom 120 1! (R=l)2m 120 2! O

We have

dim SyZ(l )m 1n 1 dim(Rzl)Zm 12n 1 dim Ron 12n 1t 4dimRp, 1n 1

dlm(R=| )2m 1:2n 1-

P
Sinceat eat basepoint, V(I )is alocal completeintersection,wehave & =
degV(l)) = k wheree, = g(lp; Op). Thus, dm(R=l)2m 120 1 = degV(l)) = k.

Therefore,we have dim Syz(l )y, 1.0 1= k. O

Remark 4.3.2 Under the hypothesisof Lemma 4.3.1,the condition

dImSyZ(I )m n 1= k
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meansthat there are exactly k linearly independert moving planes of bidegree

(m 1;n 1) which follow the parametrization

Lemma 4.3.3. If :P! P!1 P3 satis es the conditions BPC1, BPC2, BPC3,

BPC4, thendim Syz( %), 1n 1 Mmn+ 3K.

Proof. We will prove the following claims.

Claim 1: Under the hypothesisof the lemma, sat(l ?) is (3m 1;3n 1)-regular,
wherel = ha;b;c;di asusual.

Proof of the claim 1. Considerthe following exact sequence:

(a%;, ;d?)
0! SyZ(l 2)m 1;n 1! leO In 1 : ! R3m 1;3n l! (R:|2)3m 1;3n 1! 0}

We have

dim Syz(| 2)m 1n 1 dim(R:|2)3m 130 1 diMRsm 130 1+ 10diMRy 10 1

dim(R=1%)3m 130 1+ MnN:

Sincedim(R=l)om 12n 1 = degV(l)) = k, we know that | is(2m 1;2n 1)-
regularby Theorem3.4.6.SinceV(l) is nite, the Krull dimensionofdimR=I = 2,
see[24, Lemma 1.2]. By Proposition 3.3.2 and Proposition 3.3.3 we know that
sat(l?)is (2 1)@2m D+ m;(2 1@n 1+n)=Bm 13n 1)-regular.
Thus we shoved that sat(l?) is (3m 1;3n  1)-regular.

Claim 2: For any ideal |, Pysa (r;r9 = Py (r;r% whereP, (r;r9 is the bigraded
Hilbert polynomial of | .

Proof of the Claim 2: Let m bethe irrelevant of R. Considerthe following exact

sequencg?24, Corollary 1.5]:
0! HO()! 11 geHO(d;dd) ! HE()! O
Ho() = (0 :;n 1) = 0 sinceR is an integral domain. According to Remark

3.1.9,we have HL (1) = I%=|. This meansthat 1% = ..oH(I (r;r9), and
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138 = HO(I (r;r9) = ly0, for r;r® 0. Sincethe bigraded Hilbert polynomial
coincideswith the bigraded Hilbert function which measuresthe length of |0
whenr;r® 0, we have Pysa (r;r% = P, (r;r9. Thus we proved claim 2.

Claim 3: dimSyz(2)y, 1n 1 mn+ 3k.

Proof of the Claim 3: From the following exact sequence:
0! (I1=1?)0! (R=I1?)0! (R=1);p0! O

We have dim(R=12),,.0 = dim(R=1), 0+ dim(l =1?),..o: Sincedim(R=1)2m 1.2n 1 =
degV(l)) = k, it followsthat dim(R=l),,o=kforr 2m 1;r° 2n 1.Hence
dim(R=l);,0 = k+ dim(I=1?),,oforr 2m 1;r° 2n 1. Note, for r;r® 0,
dim(1 =12),.0= P, 52(r; 1% whereP,_2(r; r9 is the bigraded Hilb ert polynomial of
| =12, Note that support of (I=I2?) (which meansthe bigraded prime ideals suc
that Ipzlg 6 0) is cortained in V(I). This is becauseif p 2 V(1), then | * p,
and |, * pOp. SincepO, is a maximal ideal, then elemens in |, are all invertible,
which meansthat |, = O,. Thereforel pzlg = Ofor all p2 V(l). Thus,the support
of 1=12 is cortained in V(l). SinceV(l) is nite, 1=I? has a zero dimensional
support, dimHO(PY P11 =12) = dimHO(P! P;1=l2(r;r9) wherel isthe sheaf
asseiated to 1, and Ho(PY P11 = 2(r;r%) = (1=12),0 by [24, Theorem 1.6].
Therefore we have Py-2(r;r9 = dim¢HO(PY P11=2) = i oov(y dime 1=l 2.
Therefore we have dim(l =12)..0 = i o2v(y dime 1 p=I 7 By Theorem 3.5.18, we
know that

X X

dimclp=l; 2 dimc Op=lp, 8p2 V(I);

p2V(l) p2V(Il)

where Oy; | , are the localization at p, and the equality holds if only if I, is a

local completeintersection.SinceV(l ) is a local completeintersection, we have for
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r;ro>> 0,
X

dim(R=12),,0 = dim(R=I), o+ dim(l =1?),,0 = k+ 2 dimc Op=l , = 3k: (4.2)
p2V(1)

By Claim 2, we know that Pysa (r;r9 = P, (r;r9. This says that dim(R=I12),,0=
dim(R=sat(l 2)), o, for r;r® 0. This combined with Equation (4.2) and sat(l 2)
being(3m 1;3n  1)-regularwill give dim(R=sat(l 2))sm 131 1 = 3K.

Sincel? sat(l ?), we have dim(R=1%)3y 13, 1 dim(R=sat(l ?))am 1.3n 1 =

3k. Therefore, Equation (4.2) becomes

dimSyz(%)m 1n 1= mn+ dim(R=1%)3y 13, 1 mn+ 3k:

Remark 4.3.4 Under the hypothesisof Lemma 4.3.3,the condition
dimSyz(®)m 1n 1 mn+ 3K
meansthat there are at least mn + 3k linearly independert moving quadrics of

bidegree(m 1;n 1) which follows the parametrization

Lemma 4.3.5. Let F be a map suchthat
F:pt pl1r p"

F(x) = (Fo(x) : : Fa(x)), for all x 2 Pt P! with F; a bihomamen®us
polynomial. Let Z (F) denotethe basepoint setof F, thatis Z(F) = fx 2 P! P?!:
Fo(X) = = Fp(x) = 0g. If dimF (P! P?) = m, thenthere existsa projection
map

P P

suchthat Z( F) = Z(F).
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Proof. If E P" is a subspaceof dimensiond, then there exist Ly; Ln g1
genericlinear forms with E = V(Ly; ;Ln g 1). Dene g : P"! Pn d1lpy

e(X) = (Lo(X) 1 :Ln g 1(X)) with Z( g) = E.

Claim : SupposeE\ F(P! PY) =;,thenZ( ¢ F)= Z(F).

Proof of the claim : We will rst shovthat Z( ¢ F) Z(F). If p2 Z(F),
then (Fo(p) : : Fa(p)) 2 P" E sinceF(P! P\ E = ;. This implies
that someL;(F(p)) 6 O,sothat p2 Z( ¢ F). ThereforeZ( ¢ F) Z(F).
On the other hand, if p 2 Z(F), then Fij(p) = Oforalli = 0; ;n, this says
that all Lj(Fo(p) : :Fa(p) = Oforj = 0, ;n d 1. This sas that
Z(F) Z(e F).

Let V = F(P! P?), assumedimV = m, let E be the basepoint set of a
genericlinear systemwith dmE =n m landE\ V =;,then ¢ :P"!

pn (nml)lzpm. 0

Theorem 4.36. Let : P! P11 P3 with (s:ujt:v)= (a:b:c:d),
wheee a;b;c;d 2 CJs;u;t; v] with bidegree (m; n), and the imageis a surface. Let
Z(a;b;c;d) be the basepoint setof a;b;c;d, and let e, the multiplicity of each base
point p 2 Z(a;b;c;d). Then there are linear combinations a% b c® of a;b;c;d with

Z(a% B’ = Z(a;b;c;d), and the multiplicity of each basepoint is preserve.

Proof. First, shav that Z(a% P c® = Z(a;b;c;d). Considerthe map : P! P!!

P3, dim (P! P1) = 2.In the proof of the Lemma4.3.5,wecan nd E P3
with dmE=n m 1=3 2 1=0,thatisE = fpgwith p2z (P! P?)
whereE = V(Lo(a;b;c;d); Li(a;b;c;d); Lo(a;b;c;d)) with L; genericlinear forms.
Let a° = Lo(a;b;c;d); 1P = Li(a;b;c;d);c® = Lo(a;b;c;d), then accordingto the

Lemma4.3.5Z(a;b;c;d) = Z(a% P .
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Second,showv the multiplicit y of eat basepoint is presened. By the Theorem
4.2.5 and the Remark 4.2.6 we can nd aJ;H} generic C-linear combinations of
aq; hy; cg; dg sudh that the ideal had; i is a reduction ideal of hay; by; cq; dgi, and
fad; g is a systemof parametersof Op.: p1.p, Whereagy; by; cy; dg are in the local
rng Op: p1p With p 2 Z(a;b;c;d) determined by a;b;c;d. By Lemma 4.2.4, we
know that e(hed;i; Op1 p1p) = e(hBg; by; Cy; dai; Op1 p1yp). This says that the

multiplicit y of ead basepoint is presened. O

Corollary 4.3.7. Supmse a;b;c;d 2 C[s;u;t; v] are bihomagen®us of bidegree
m; n with no commonfactor, and V(a; b;c;d) is a local completeintersection. If we
replae a; b;c with genericlinear combinationsof a; b;c;d, then we haveV(a;b;c) =

V(a;b;c;d) as subschemesand d 2 sat(a;b;c).

Proof. Let p 2 V(a;b;c;d) and let I, O, be the ideal generatedby a;b;c;d
in the local ring O, at p. By [4, Corollary 4.5.10],0, has a system of parame-
ters which generatesa reduction ideal J,, for |,. This system of parametersis a
regular sequencef O, is Cohen-Macaulg, [4, Theorem2.12]. Furthermore, Theo-
rem 4.2.5shaws that the systemof parameterscan be chosento be genericlinear
conbinations of generatorsof | .

Let I, be the ideal of O, generatedby the linear conbinations of a; b;c;d. Then
we haveJ, [, |y, which givesthe inequalitiese(J,) e(Ip)  e(lp):

If 1, is a completeintersection, then it is the sameasall of its reduction ideals.
Thus J, = I,. This shaws that (), = I,. Let a%k,c® denote a genericlinear
combination of a;b;c;d, sud that V(a% kP c® = V(a;b;c;d) have the samescheme
structure at p. When V(a;b;c;d) is a local completeintersection,this is true for all
its points, and it says that V(a > c® = V(a;b;c;d) as schemes.If we replacethe

input polynomials with genericlinear combinations of them, we have V(a;b;c) =
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V(a;b;c;d) as schemes.This implies that sat(a;b;c) = sat(a;b;c;d). Therefore,

d 2 sat(a;b;c). O

From now on we will replacea;b;c;d by a genericlinear conbination of a;b;c;d
sothat a;b;c hasthe properties indicated in Theorem 4.3.6 and Corollary 4.3.7.

Recallthe 4mn  4mn matrix M P which represets the map

MP :R#

(asbic;
m 1n 1 Id) R2m 1;2n 1

(A;B;C;D)! Aa+ Bb+ Cc+ Dd:

If we replacethe input polynomials by genericlinear combinations of them, the
rank of the coe cien t matrix M P will not change.
Let
(a;b;0)

MC: R3 1 R2m 12n 1

m 1n 1

(A;B;C)! Aa+ Bb+ Cc
M C is represeted by a matrix of sizedmn 3mn, and
dim Syz@; b;¢)m 1.n 1 = dimker(M C):

Lemma 4.3.8. If :P! P!! P3 satis es the conditions BPC1, BPC2, BPC3,

BPCS5, then the matrix M C has maximal rank.

Proof. SupposeM C does not have maximal rank, then dimker(M C) 6 0. This
meansdim Syz@;b;c)m 1n 1 6 0, which cortradicts our assumption. Therefore,

the matrix M C must have maximal rank. O

Let V =V; V., bethe direct sum of two subspaced/; and V,, andlet W V

fOg. Then the projection :V ! V, alongV,

be a subspacesud that V;\ W

satises ker = Vi, and ker jyy = W\ V; = f0g. In particular, jw is injective,

sothat dimW = dim (W) := k. Let B = fvy; ;Vig be a given basisof V,.
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Lemma 4.3.9. There is a subsetB; = fv;,; ;Vi g B and a hasis C =

fwy; ;wWig of W suchthat
(We) = Vi, + We; Where we 2 Span(B nB,):

Proof. Let fw; ;Wi g be an arbitrary basisof W. Then

X
(W)= &V
j=1
Let A = [g;]. Then multiply A on the left by an invertible matrix P so that
PA = Q, whereQ is in reducedrow ethelonform. SinceA isak | matrix which
hasrankA = k (becausedim (W) = k), there are k columnsi; < i, < < ik

which cortain a leading 1 in rows 1 to k. Let B; = fvi,; ;Vi, 0. Let the basis

C= fwy; ;Wxg be de ned by
2 3 2 3
W1 W1
. P
I.8.We = PejWj. Then

(We) = _ Pej (W)

1
&£

a1'rVr
r=1
2

<
=
ONNRNN W

= ROWng

\i

Vie + We

wherew, 2 SpanB nB,). O
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If P = A(s;u;t; v)x1 + B(s;u;t; v)x, + C(s;u;t; v)xz+ D(S;U;t; vV)X4 in the ring
C[s; u;t; v; X1; X2; X3; X4] IS @any moving plane, and L (X1; X2; X3; X4) IS any homoge-
neouslinear polynomial. Then P L is a moving quadric. Moreover, if P follows
then P L alsofollows . If P isasetof moving planes,thenP L =fP L:P 2 Pg.
Let P.mn 1n 1 bethe setof moving planesof bidegreem 1;n 1 which follow

,i-e- (Am 1n 1;Bm 1n 1;Cm 1n 1;Dm 1n 1) 2 Syz(a;b;C;d)m Iin 1-

Lemma 4.3.10. Let = (a:b:c:d) asusual. AssumeSyz(@;b;C)m 1.n 1 = fOQ.
P
LetS=P.n 1n 1, andletdimS = k. Then Q = i4:1 Sx; is a vector space of

moving quadricswhich follow , and dim Q = 4k.

Vi, = Syz@;b;0)m 1n 1 = fOg. Let B = fst x4 : 0 m 10
n 1g. Accordingto Lemma4.3.9,thereexistf( 1; 1); ;( «; k)ganda basis

fPq; ;Pxg of S sud that
P, = st 'x,+ otherterms without s it ix,

wherei = 1,2, ;k,andj = 1,2, ;k butj & i. We claim that fP;x;g/={} 2}

are linear independen. We only needto shaw that if
X«

(iX2+ X2+ iXg+ Xq)Pi=0
i=1

where 1; : « 2 C,wemust have ;= = ¢ = 0. SincePy cortains the term
s it ix, term for ead i, we must have
St iXiXa+ XoXa+ iXaXgt X3 =0; i=12 k:

Sincewe arein anintegral domain,we must have XiX4+ iXaoX4+ X3Xg+ X2 = 0
whichsays = = = = 0fori=12 ; K. Therefore,the moving quadrics
coming from the moving planesare linearly independen. Thereforedim Q = 4k.

OJ
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Theorem 4.3.11. Let = (a:b:c:d) asusualand assumethe base point set

satis es BPC1 - BPCS5, then dim Syz( %)y, 17 1 = mn + 3k,

Proof. By Lemma4.3.3,dimSyz(%)m 1;n 1 mn+ 3k. Let MQ : R} .. !

Ram 13n 1 bethemapMQ(A;B; ;J)= Aa?+ Bab+ + Jd? sothat
10mn  rankM Q = dimSyz()m 10 1

is the number of linearly independert moving quadrics.
Claim that rankM Q 9mn  3k.
To seethis, recall that in the proof of Lemma 4.3.10, we found an index set

f( 1 1); ( «x; x)g and a basisof moving planesf Pq; ; Pxg sud that
P, = st 'x4,+ othertermswithout s it x4 (4.3)

wherei = 1;2;, ;kandj = 1,2, ;k butj 6 i. The columnsof MQ are

indexed by
=fstxx :0 m 1,0 n 11 i | A4g:
Let
p=Tfsitixixgstx;:0 i k0 m 10 n 1,1 j 3g

andlet °= n p,thenj 9= 10mn (mn+ 3k) = 9mn 3k. Let M Q°be
the matrix obtained from M Q by deleting the columnsindexedby . Thus the

nonzeroelemers of kerM Q° correspndsto nontrivial syzygies:
Aa?+ Bab+ Cac+ Dad+ EI? + Fbc+ Gbd+ HE + lcd= 0 (4.4)

whereA; B; ;| are bihomogeneou®f bidegree(m 1;n 1) and there are no

termss it i in D;G;l. Sinceewery term cortains a;b;c, we obtain:

(Aa+ Bb+ Cc+ Dd)a+ (Eb+ Fc+ Gd)b+ (Hc+ 1d)c=10
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The syzygy((Aa+ Bb+ Cc+ Dd); (Eb+ Fc+ Gd); (Hc+ 1d)) of (a;b;c) hasbidegree
(2m 1;2n 1) and it vanisheson the basepoint of (a;b;c) sinced 2 sat(a;b;c)
(since the basepoint condition BPCS5 is satis ed). Moreover, the basepoints of

a;b;c are LCI of total multiplicit y k. From Corollary 3.5.20we have:

Aa+ Bb+ Cc+ Dd= hic+ hyb
Eb+ Fc+ Gd= hsa+ hsc

Hc+I1d= hja h3b

for bihomogeneougpolynomial hy; h,; hs of bidegree(m 1;n 1). We canrewrite

the above equations,and we get:

Aa+ (B hy)b+ Cc+ Dd= (; (4.5)
h,a+ Eb+ (F h3)c+ Gd= 0; (4.6)
h,a+ hsb+ Hc+1d=0 4.7)
We know that A;B; ;I are bihomogeneousof bidegree(m 1;n 1) and

therearenos it i termsin D;G;l. Thus eat equation in (4.5) is a nontrivial
syzygyon (a; b;c;d) which corresppndsto a moving plane P with nos it ix4 term
with 1 i k. But fP;; ;Pxgisabasisof moving planes.Any nonzeromoving
planeP = ¢,P; +  + Py must have somenonzeroterm s 't Xy, sinceif ¢ 6 0,
then s it ix4 appears.

Hence the nontrivial syzygiesfrom (4.5) cannot exist. Thus kerM Q° = f0g,
sodimMQ rankM Q° = 9mn  3k. Therefore we proved our claim. Hence

dimSyz(?)m 10 1= mn+ 3k. O
Remark 4.3.12 Under the hypothesisof Theorem4.3.11,the condition

SyZ(I 2)m 1n 1= Mn+ 3k
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meansthat there are exactly mn + 3k linearly independent moving planesof bide-

gree(m 1;n 1) which follow the parametrization

Recallthe construction of amn  mn matrix M : the columnsof the matrix M
areindexedby the monomialbasisof Ry, 1., 1; the rows of the matrix areindexed
by certain linearly independert moving planesand moving quadrics.In particular,
we will choosethe basisof the moving planesasour k linearly independernt moving
planes,and we will choosemn k linearly independert moving quadricswhich are
complemetary to the set of moving quadrics which are coming from the moving

planesby multiplying by fx;g; .

Theorem 4.3.13. Let : P! P! ! P23 bethe usual map and assume is
generially one-to-one.If  satis es base point conditions BPC1-BPC5, then the

imageof is de ned by the equationjM|j = 0.

Proof. By Lemma4.3.1,dim SyZa;b;c;d)m 1.n 1 = K, and there is a basisof the

moving planesof the form
P, = st ix,+ othertermswithout s it ix,

wherei = 1,2; ;k,andj = 1;2; ;kbutj 6 i by Lemma4.3.10.By Theorem
4.3.11,rankM Q = 9mn 3k, the moving quadricsof bidegree(m 1;n 1) have

the form:

X 1X 1 o XX X
Qij (X1;X2; X3; Xa)S't) = Ajj 0qXpXq (4.8)
i=0 j=0 i=0 j=01 p q 4
The moving quadricsfollows the parametrization if and only if
X 1X 1
Qj (&;bic;d) O
i=0 j=0

Let V oV , besubspace®fV = R}’ ;.. ; with basis % p respectively, where

=fstxx :0 m 1,0 n L1 i | A4g
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p=fsitixixagstx;:0 i k0 m 1,0 n 1,1 j 3g
and °= n p,thenV=Vo V _.Syz(9)m 1n 1 V satisesSyz()m 1n 1\
Vo= f0g. This meansthat :V ! V _ with (vi+ v;) = v, is the projection
onto V , alongV o. Then jsy,2), ., . IS anisomorphism,sincewe have already
proved that dim Syz(12),, 1 1= dimV , = mn+ 3k.

Let Qxxii = (s itixjxg), for 1 i k,and 1 j 4. Sincex;P; 2
Syz(®)m 1n 1, and (X;P) = s 't 'X;X4, then x; P; must be Qy ;-

Let Q. = (stx?),where(;)2f(; )gnf(; i);1 i kg These
mn Kk moving quadricsare not coming from the moving planesby multiplication
by fx;g’,. Thuswe nd mn k linearly independent moving quadricswhich are

not from multiplying a moving planeby fx;g*., . Theseare listed below:
Q. = xist + termsnot involving x3;
with O m 1,0 n 1 6 1, . « 6 1, k&
We have k moving planes
P, = x4 't ' + other terms without x,s it '; 1= 1; Kk

Now we construct a mn  mn matrix M as follow: the columns are indexed by
monomialbasisR,, 1., 1;the rowsareindexedby the basisof k moving planesand
the basisof mn  k moving quadrics;the ertries of the matrix are the coe cien ts
of the monomialss t where0 m 1,0 n 1from the moving planes

and the moving quadrics. Thus the matrix M is

2
Xq

+

Co;0X4 + Co;1X4 + Co;3Xq + Xgq * C g, 1+1 X4 ¥

Ck.0X4 + Ck:.1X4 + Ck:.3X4 + Xq + T
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Note, there are mn  k rows of quadratic terms, and k row of linear term in
X1;X2; X3; X4. In thesemn  k quadratic rows, the terms involving x2 are on the
diagonal ertries only. The linear row hasterms involving x4 correspnding to the
column indexed by monomial s 't i, the ertries correspnding to other columns
may or may not involve x4, we usec; 2 C to denotethe coecient of x, in
those columns.In this casewe can perform column operationsto make the linear
rows have ertries with x4 only in the column correspnding to s 't i. After the

operation, the matrix will look like the following:

2 3
X3 +

2

X4 +

X3 +

2
Xzt

jNMtj cortains the term x3™ ¥ which is from 2(mn k) + k = 2mn kK, sincethe

diagonal ertries give the highest degreein x4. Thus jNTj is not identically zero.
Sincethe o -diagonal ertries have mn  k rows of quadratic termsin Xi; Xz; X3; X4
and k rows of linear terms in X1;X,; X3; X4, the total degreeof jNfj is 2mn kK
in X1;X2; X3;X4. Moreover, by construction, the rows of the matrix are moving
guadrics and moving planesthat follow the surface.So for points on surface,the
columnsof M arelinearly depender, hencejM j vanishesfor points on the surface

and jMj = jNrj. On the other hand, the degreeof the irreducible implicit equation
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of the surfaceis 2mn k. This comesfrom the formula:

X
deg( ) deg(S) = 2mn multiplicit y of the basepoint.

base points

Since is generically one to one, and we have multiple base points with total
multiplicit y k, we will have dedS = 2mn k. ThereforejMj = 0 must be the

implicit equation of the imageof . O
Example 4.3.14 Considerthe following parametrization:
a= utv;b= u?t?+ suv’;c= s’tv;d = s?v? + s’t?

Herem = n= 2,(0:1;0: 1) is the basepoint of multiplicit y one. We nd one

moving plane of bidegree(1; 1) which is
StXq SX» tXz3+X4=0
and three linear independert moving quadric of bidegree(1; 1) which are:
( s+ 1)X1Xz3 tXiX4+ tXox3 =10

tX1X3 SX1Xg+ (S+ L)XoXz+ tX3 XaXg = 0
SX1X3+ StXpX3  SXoX4 X5  tXoX4+ X53=0

We get our matrix M :

2 3
X4 X3 X2 X1
M = X1X3 XoX3  X1Xg X1X3 0
2

X3Xa+ XoX3 X5  XiX3  XoX3 XiXg4 O

X2+ x2 X3X X1X3  XoXa XoX

3 1 3Xa 1X3 2Xa  X2X3
N — 4.3 3,2 2,,2,,2 2,,3,,2 3y 2 2y 242
IM] = XuX7+ 2X3X7X2X3 + XGXIX5X3 + AX XIX5  2XaX7XaX5  XGX1X5X3

XX 1X3X5 + XIX3 BXaXPXoX3 + 2X3x3AX3 + X3X3 X5+ 2Xxax5+ x3x3=0

which is the implicit equation.
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Example 4.3.15 Considerthe following parametrization:
(a;b;c;d) = (UPt?v; Ut + suv®; stv?; 2V + s7t°):
Here,m = 2;n = 3 and (0 : 1;0 : 1) is the only basepoint of multiplicity 2.

From Singular we get 2 moving planesand 4 moving quadricsof bidegree(1; 2) as

following:
Stx;+ SXo + t?°X3 X4 =0
St?Xx; Stxp+ X3= 0
St?X1Xz (St t)XiXz  t2X1Xg  SIX3+ tXox4= 0
StxaXz (S D)XiXz tX1Xg SX3+ XoX4= 0
St?2 + stxiXy  (St+ t)XgXg + (St?+ t?)XoX3 tX5=10
StXZ + SX1X2  (S+ L)XgXa+ (St+ t)xoxz Xx3=0
We fo&m the matrix M: 3
X4 0 X3 X2 X1 0
X3 0 0 0 X2 X1
V= 0 XoXq+ X1X3 O X1X3 X3 X1X2 0
X1X3 + X2X4 X1X4 0 X1X3 X3 X1X2 0
0 X3 X1X4 XoX3 0 X1X2  X1Xa X2+ XoX3
X2 X1Xa XoX3 0  XiX2 X1Xg X3+ XoX3 0

After computing jM j, we get:
Mj = X5X5+ 2XX3X3X3+ DX TXX5+ XAXTXEXS  XIX1X3X5+ BXIX5XS  2Xax5x %3

2X3XIXIXS  2XaXaX5X3 + X5xF + AxAx3xox  x3XaxS + 23X3x 3+

X5X3 + BXaXJX3  BXXoX3 + 3xXx5x3 + X Ix5xS + X3x]

JMj = 0 givesthe implicit equation. You can ched by using Singular to do elimi-

nation.
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