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11.1 Introduction to Trees

(1) a tree is a connected undirected graph with no simple circuits
(2) a collection of trees is called a forest
(3) an undirected graph is a tree iff there is a unique simple path between any two of its vertices
(4) a rooted tree is a tree in which one vertex has been designated as the root and every edge is directed

away from the root
(5) parent
(6) child
(7) siblings
(8) ancestors
(9) descendants

(10) leaf
(11) internal vertices
(12) subtree
(13) m-ary tree (full, binary)
(14) ordered rooted tree
(15) left child, right child
(16) left subtree, right subtree
(17) a tree with n vertices has n− 1 edges
(18) a full m-ary tree with i internal vertices contains n = mi + 1 vertices and l = (m− 1)i + 1 leaves
(19) a full m-ary tree with n vertices has i = (n− 1)/m internal vertices and l = [(m− 1)n+ 1]/m leaves
(20) a full m-ary tree with l leaves has n = (ml − 1)/(m − 1) vertices and i = (l − 1)/(m − 1) internal

vertices
(21) the level of a vertex v in a rooted tree is the length of the unique path from the root to this vertex
(22) the height of a rooted tree is the maximum of the levels of vertices
(23) a rooted m-ary tree of height h is balanced if all leaves are at levels h or h− 1
(24) there are at most mh leaves in an m-ary tree of height h
(25) if an m-ary tree of height h has l leaves, then h ≥ dlogm le.
11.2 Applications of Trees

A binary search tree is a binary tree in which each child of a vertex is designated as a right or left
child, no vertex has more than one right child or left child, and each vertex is labeled with a key, which is
one of the items being searched for.

A rooted tree in which each internal vertex corresponds to a decision with a subtree at these vertices for
each possible outcome of the decision is called a decision tree.

Binary Comparison Sort A sorting algorithm based on binary comparisons requires at least dlog n!e
comparisons.
Pf.

Binary Comparison Sort Order The number of comparisons used by a sorting algorithm to sort n
elements based on binary comparisons is Ω(n log n).
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Pf.

Binary Average Comparison Sort The average number of comparisons used by a sorting algorithm
to sort n elements based on binary comparisons is Ω(n log n).
Pf.

A prefix code is a code that ensures no bit string corresponds to more than one sequence of letters by en-
coding letters so that the bit string for a letter never occurs as the first part of the bit string for another letter.

The Huffman coding algorithm is an algorithm that takes as input the frequences (which are the
probabilities of occurences) of symbols in a string and produces as output a prefix code that encodes the
string using the fewest possible of bits among all possible binary prefix codes for these symbols. Huffman
coding is a fundamental algorithm in data compression - the subject devoted to reducing the number of
bits required to represent information.

A game tree is a tree where the vertices of the tree represent the positions that a game can be in as it
progresses; the edges represent legal moves between these positions.

Nim In a version of the game of nim, at the start of the game there are a number of piles of stones. Two
players take turns making moves; a legal move consists of removing one or more stones from one of the piles,
without removing all the stones left. A player without a legal move loses.

By a strategy we mean a set of rules that tells a player how to select moves to win the game.

The value of a vertex in a game tree is defined recursively as:
(i) the value of a leaf is the payoff to the first player when the game terminates in the position represented
by this leaf.
(ii) the value of an internal vertex at an even level is the maximum of the values of its children, and the
value of an internal vertex at an odd level is the minimum of the values of its children.

The strategy where the first player moves to a position of a child with maximum value and the second
player moves to a position of a child with minimum vlaue is called the minmax strategy. We can determine
who will win the game when both players follows the minmax strategy by calculating the value of the root
of the tree; this value is called the value of the tree.

Minmax Theorem The value of a vertex of a game tree tells us the payoff to the first player if both
players follow the minmax strategy and play starts from the position reprsented by this vertex.
Pf.

11.3 Tree Traversal

The universal address system of an ordered rooted tree is one way we can totally order the vertices of
this tree. This is done recursively:
1. Label the root with the integer 0. Then, label its k children (at level 1) from left to right with [k].
2. For each vertex v at level n with label A, label its kv children as they are drawn from left to right with
A.1, A.2, ..., A.kv

Procedures for systematically visiting every vertex of an ordered rooted tree are called traversal algo-
rithms.

Let T be an ordered rooted tree with root r. If T consists of only r, then r is the preorder traversal
of T . Otherwise, suppose that T1, T2, ..., Tn are the subtrees at r from left to right in T . The preorder
traversal begins by visiting r. It continues by traversing T1 in preorder, then T2 in preorder, and so on,
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until Tn is traversed in preorder.

Let T be an ordered rooted tree with root r. If T consists of only r, then r is the inorder traversal of T .
Otherwise, suppose that T1, T2, ..., Tn are the subtrees at r from left to right in T . The inorder traversal
begins by traversing T1 in inorder, then visiting r. It continues by traversing T2 in inorder, and so on, until
Tn is traversed in inorder.

Let T be an ordered rooted tree with root r. If T consists of only r, then r is the postorder traversal
of T . Otherwise, suppose that T1, T2, ..., Tn are the subtrees at r from left to right in T . The postorder
traversal begins by traversing T1 in postorder, then T2 in postorder, and so on, until Tn is traversed in
postorder, and ends by visiting r.

An inorder traversal of the binary tree representing an algebraic expression produces the original expre-
sion with elements and operations in the same order as they originally occured, except for unary operations,
which instead follow immediately from their operands. The fully parenthesized expression obtained in this
way is said to be in infix form. We obtain the prefix form of an expression when we traverse its rooted
tree in preorder. Expressions written in prefix form are said to be in Polish notation, which is named
after the Polish logician Jan  Lukasiewicz. An expression in prefix notation is unambiguous so no parentheses
are needed in such an expression. We obtain the postfix form of an expression by traversing its binary
tree in postorder. Expressions written in postfix form are said to be in reverse Polish notation. Also,
unambiguous.

11.4 Spanning Trees

Let G be a simple graph. A spanning tree of G is a subgraph of G that is a tree containing every vertex
of G.

Spanning Tree Theorem A simple graph is connected iff it has a spanning tree.
Pf.

Depth-first search or backtracking
(1) Choose any vertex of the graph as a root.
(2) Add new vertices and edges successively where each new edge is incident with the last vertex in the path
and a vertex not already in the path.
(3) If we do not go through all vertices in this manner, move to the next to last vertex in the path, and start
forming a new path in the manner described above.
(4) Repeat (3) until done.

Breadth-First Search
(1) Choose any vertex of the graph as a root.
(2) Add all edges incident to this vertex.
(3) If we do not go through all vertices in this manner, add all edges incident to the first vertex we added in
(2). Repeat this for every vertex incident to the root until done.
(4) If we still do not have all vertices, then repeat this process for those vertices incident to the next level’s
vertex, and so on until done.

11.5 Minimum Spanning Trees

In a connected graph, a minimum spanning tree is a spanning tree so that the sum of the weights
of the edges of the tree is minimized. (In other words, it has the smallest possible sum of weights of its edges).

Prim’s Algorithm Begin by choosing any edge with the smallest weight, putting it into the spanning
tree. Successively add to the tree edges of minimum weight that are incident to a vertex already in the tree
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and not forming a simple circuit with those edges already in the tree. Stop when n − 1 edges have been
added.

Kruskal’s Algorithm Choose an edge in the graph with minimum weight. Successively add edges with
minimum weight that do not form a simple circuit with those edges already chosen. Stop after n− 1 edges
have been selected.
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