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8.1 Recurrence Relations

(1) Recurrence relation (think recursion and recursive definiton) - a recurrence relation for the sequence
{an} is an equation that expresses an in terms of one or more of the previous terms of the sequence,
namely, a0, a1, ..., an−1 for all n ≥ n0, where n0 ∈ N

(2) solutions of recurrence relations - a sequence is called a solution of a recurrence relation if its terms
satisfy the recurrence relation

(3) The Tower of Hanoi (Reve’s puzzle) - the game consists of 3 pegs mounted on a board together with
disks of different sizes. Initially, these disks are placed on the first peg in order of size, with the
smallest on top. The rules of the puzzle allow disks to be moved one at a time from one peg to
another as long as a disk is never placed on top of a smaller disk. The goal is to have all disks on
the 2nd peg in order of size, with the smallest on top. (According to legend, this is about the monks
who have to transfer 64 gold disks from one peg to another, abiding by the rules of the puzzle. This
smae legend says the world will end when they finish the puzzle. Even if the monks made one move
a second [264 − 1 = 18, 446, 744, 073, 709, 551, 615 moves], it will take them more than 500 billion
years to complete the transfer. So, we can breathe easy for now).

(4) Catalan numbers - the number of ways to parenthesize the product of n+1 numbers, x0 ·x1 ·x2 · · ·xn.

8.2 Solving Linear Recurrence Relation

(1) Linear homogeneous recurrence relation of degree k with constant coefficients: an = c1an−1 +
c2an−2 + ...+ ckan−k, where c1, c2, ..., ck ∈ R, and ck 6= 0

(2) linear - b/c the right-hand side is a sum of the previous terms of the sequence only raised to the first
power

(3) homogeneous - b/c there are no terms that do not involve the previous terms

(4) constant coefficients - b/c the coefficients of each of the previous terms is a constant number

(5) degree - b/c it is expressed in terms of the previous k terms of the sequence

(6) characteristic equation - (form rn = c1r
n−1 + c2r

n−2 + ... + ckr
n−k from the above equation then

divide by rn−k which implies )rk − c1rk−1 − c2rk−2 − ...− ck−1r − ck = 0

(7) characteristic roots - solutions (roots or zeroes) of this last equation

(8) solutions of the degree 2 case with distinct roots - let r1 and r2 be the roots of r2 − c1r − c2 = 0,
then all solutions of an = c1an−1 + c2an−2 are of the form an = α1r

n
1 + α2r

n
2 , where α1 and α2 are

constant
(9) solution of the degree 2 case with a repeated root - let r0 be the root, then all solutions are of the

form an = α1r
n
0 + α2nr

n
0 , where α1 and α2 are constants
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(10) solutions of the degree k case with distinct roots - let r1, r2, ..., rk be the distinct roots, then then
all solutions of an = c1an−1 + c2an−2 + ...+ ckan−k are of the form an = α1r

n
1 + α2r

n
2 + ...+ αkr

n
k ,

where α1, α2, ..., αk are constants
(11) solutions of the degree k case with repeated roots - let r1, r2, ..., rt be the different roots with respect

multiplicities m1,m2, ...,mt, then then all solutions of an = c1an−1 + c2an−2 + ... + ckan−k are of
the form

an =(α1,0 + α1,1n+ ...+ α1,m1−1n
m1−1)rn1 + (α2,0 + α2,1n+ ...+ α2,m2−1n

m2−1)rn2

+ ...+ (αt,0 + αt,1n+ ...+ αt,mt−1n
mt−1)rtk,

where the αi,j are constants
(12) linear nonhomogeneous recurrence relation with constant coefficients - an = c1an−1 + c2an−2 +

... + ckan−k + F (n), where c1, c2, ..., ck ∈ R, ck 6= 0, and F (n) is a function not identically zero de-
pending only on n (associated homogeneous recurrence relation - an = c1an−1+c2an−2+...+ckan−k)
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