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The following is copied directly from my dissertation. These definitions are all in my own words and/or
style of presentation.

Definition. Let [n] = {1, ..., n} when n is a positive integer.

Definition. We denote N to be the non-negative integers. We denote P to be the positive integers. We
denote R to be the real numbers.

Definition. A partition of a set A is a set B of pairwise disjoint nonempty subsets of A such that the
union of the sets of B is A. We say that B partitions A.

Definition. A simple graph G is an ordered pair (V (G), E(G)) where V (G) is a finite nonempty set called
the vertices or nodes of G, and E(G) is a set of 2-sets of V (G) called the edges or arcs of G. Note that
a simple graph has no loops nor multiple edges. We write G = (V (G), E(G)) or simply (V,E) if the context
is clear. If we just say graph, we mean simple graph.

Definition. A multigraph G is an ordered pair (V (G), E(G)) where V (G) is a finite nonempty set called
the vertices or nodes of G, and E(G) is a multi-set of 2-sets of V (G) and 2-multi-sets of a single element of
V (G) called the edges or arcs and loops respectively of G. Note that a multigraph can have loops and/or
multiple edges. We write G = (V (G), E(G)) or simply (V,E) if the context is clear.

Definition. A loopless graph G is an ordered pair (V (G), E(G)) where V (G) is a finite nonempty set called
the vertices or nodes of G, and E(G) is a multi-set of 2-sets of V (G) called the edges or arcs respectively
of G. Note that a multigraph cannot have loops, but can have multiple edges. We write G = (V (G), E(G))
or simply (V,E) if the context is clear.

Definition. The null graph is the special graph where V (G) = E(G) = ∅. It does not contribute much
to our discussion on graphs and often would hinder our progress, therefore all statements and theorems will
not consider this special graph.

Definition. The graph G = (V (G), E(G)) has order #V (G) and size #E(G).

Definition. Suppose G and H are graphs. Then G equals H, denoted G = H, iff (V (G), E(G)) =
(V (H), E(H)) as ordered pairs, i.e., iff V (G) = V (H) and E(G) = E(H).

Definition. Suppose G = (V (G), E(G)) is a graph, and {u, v} ∈ E(G). Then {u, v} has endpoints u and
v and {u, v} is incident with its endpoints u and v. Also u is adjacent to v and u and v are neighbors.

Definition. Suppose G is a graph and v ∈ V (G). The degree dG(v) of v in G is the number of edges of
G incident with v. When loops are involved, each loop counts twice.

Definition. Suppose G is a graph. Then the multiset ds(G) = {{dG(v) : v ∈ V (G)}} is called the degree
sequence of G. The degree sequence of G can also be written as a sequence cm1

1 ...c
mq
q of distinct degrees of

the vertices of G where each mi is the number of vertices of degree ci in G called the multiplicity of that
degree.

Definition. Suppose G is a graph. The sequence v1 − · · · − vk where v1, ..., vk ∈ V (G) are distinct and
{vj , vj+1} ∈ E(G) for 1 ≤ j ≤ k− 1 is called a (v1, vk)-path in G of order k and length k− 1(≥ 0). Here,
we call v1 and vk the endpoints of the path. The other vertices are called internal vertices. If k = 1, we
call this the trivial path as it contains no edges and thereby has length 0 and order 1.

Definition. Suppose G is a graph. The sequence v1−· · ·−vk where v1, ..., vk−1 ∈ V (G) are distinct, v1 = vk,
and {vj , vj+1} ∈ E(G) for 1 ≤ j ≤ k − 1 is called a (v1, vk−1)-cycle in G of order and length k − 1(≥ 0).
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Definition. Suppose G is a graph and u, v ∈ V (G). The distance dG(u, v) in G from u to v is the length
of a shortest (u, v)-path in G should one exist and ∞ otherwise. Note: The length is one more than the
number of interior vertices of the shortest path, or one less than the total number of vertices in the shortest
path. In particular, a tree has a unique path from any vertex to any other vertex so this is the shortest path.

Definition. A graph G is connected iff there is a (u, v)-path in G for all u, v ∈ V (G) (u = v is known as
the trivial path). A graph is disconnected iff it is not connected.

Definition. Suppose G,H are graphs. Then H is a subgraph of G, denoted H ⊆ G, iff V (H) ⊆ V (G) and
E(H) ⊆ E(G). H is a proper subgraph of G, denoted H ( G iff H ⊆ G and H 6= G. In either case, we
say thta G contains H

Definition. Suppose G,H are graphs. Then H is a vertex-induced subgraph of G iff H ⊆ G and for all
u, v ∈ V (H) we have that {u, v} ∈ E(H) iff {u, v} ∈ E(G). We write G[V ] for the subgraph of G induced
by the vertex set V .

Definition. Suppose G is a graph. A component H of G is a connected subgraph of G which is not a
proper subgraph of any other connected subgraph of G. Note that the only component of a connected graph
is the graph itself. A component of G is a maximal element in the poset of subgraphs of G ordered by ⊆
(subgraph). A component is trivial if it has no edges, otherwise it is nontrivial. An isolated vertex is a
vertex of degree 0.

Definition. Suppose G,H are graphs. Then f : V (G)→ V (H) is an isomorphism from G to H iff f is
a bijection and {u, v} ∈ E(G) iff {f(u), f(v)} ∈ E(H). An automorphism of G is an isomorphism from G
to G.

Definition. A graph is acyclic iff it contains no cycles.

Definition. A tree is a connected acyclic graph. A forest is an acyclic graph. Note that the components
of a forest are trees. This idea is explored in Chapter 2.

The following are paraphrased or quoted from West’s Introduction to Graph Theory

Definition. The complement G of a simple graph G is the simple graph with vertex set V (G) where
{u, v} ∈ E(G) iff {u, v} /∈ E(G).

Definition. A clique in a graph is a subset K ⊆ V (G) such that every v ∈ K is adjacent to every u ∈ K
such that u 6= v. In other words, it is a subset of the vertices that are pairwise adjacent.

Definition. A independent set or stable set is a subset I ⊆ V (G) such that every v ∈ I is not adjacent
to every u ∈ I such that u 6= v. In other words, it is a subset of the vertices that are pairwise nonadjacent.

Definition. A graph G is bipartite if V (G) is the union of two disjoint (possibly empty) independent sets
called partite sets of G.

Definition. The chromatic number of a graph G, written χ(G), is the minimum number of colors needed
to label the vertices so that adjacent vertices receive different colors. Clearly, bipartite graphs have chromatic
number 2. A graph G is k-partite if V (G) can be expressed as the union of k (possibly empty) independent
sets. This idea is explored in Chapter 5.

Definition. A graph is called planar if it can be drawn in the plane without crossing edges. This idea is
explored in Chapter 6.

Definition. Let G be a graph with vertex set V (G) = {v1, v2, ..., vn}, then the adjacency matrix of G,
written A(G), is the n × n matrix in which entry ai,j is the number of {vi, vj} edges in G. Note that the
adjacency matrix is determined by the vertex ordering. Note that for any of the graphs we have discussed
thus far, that the adjacency matrix is symmetric. In particular, note when the graph is simple, that the
corresponding adjacency matrix is a 0-1 matrix with 0s on the diagonal. Furthermore, the degree of a vertex
v is the sum of the entries in the row for v.

Definition. Let G be a graph with edge set E(G) = {e1, ..., em} and vertex set V (G) = {v1, v2, ..., vn}, then
the incidence matrix of G, written M(G), is the n×m matrix in which entry mi,j is 1 if vi is an endpoint
of ej , and 0 otherwise. Furthermore, the degree of a vertex v is the sum of the entries in the row for v.
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Definition. An isomorphism from a simple graph G to a simple graph H is a bijection f : V (G)→ V (H)
such that {u, v} ∈ E(G) if and only if {f(u), f(v)} ∈ E(H). In other words, it is a bijection that preserves
edges. We say that “G is isomorphic to H”, written G ∼= H, if there is an isomorphism from G to H.

Definition. Note that the isomorphism relation is an equivalence relation. Thus, this breaks up graphs
into equivalence classes called isomorphism classes. When the term unlabeled graph is used in Graph
Theory, it is used to refer to a particular isomorphism class of graphs. This helps us to distinguish between
structural results that do not depend on the vertex labeling, and superficial results that do depend on vertex
labeling. Obviously, we will be much more concerned with structural results. That being the case we would
like to introduce some common names for isomorphism classes that occur frequently.

Definition. The path with n vertices is denoted Pn.

Definition. The cycle with n vertices is denoted Cn.

Definition. The complete graph with n vertices is denoted Kn. All the vertices in this graph are pairwise
adjacent.

Definition. The complete bipartite graph or biclique is a simple bipartite graph such that vertices are
adjacent iff they are in different partite sets. When the sets have sizes r and s, the biclique is denoter Kr,s.

Proposition 1. The number of labeled graphs on n vertices is 2(n
2).

Proof. If there are n labeled vertices, then there are
(
n
2

)
possible edges because this is the number of ways

to a choose a 2-set from an n-set. (Recall order of the 2-set does not matter). The inclusion or exclusion of
an edge specifies the graph. Hence, there are 2 choices for each edge, to include it or exclude it. Thus, there
are 2(n

2) labeled graphs on n vertices by the Multiplication Principle. �

Definition. A graph is self-complementary if it is isomorphic to its complement.

Definition. A decomposition of a graph is a list of subgraphs such that each edge appears in exactly
one subgraph in the list. Note that an n-vertex graph H is self-complementary iff Kn has a decomposition
consisting of two copies of H.

Definition. We call K3 the triangle.

Definition. We call K1,3 the claw.

Definition. We call K1,3 + e the paw.

Definition. We call K4 − e the kite.

Definition. There are several other named graphs, including but not limited to, the house, the bull, the
bowtie, the dart, the extended claw, lobsters, mongolian tents, etc.

Definition. The Petersen graph is a well-known graph which provides us with many examples and
counter-examples to many oft asked questions in Graph Theory. It is the simple graph whose vertices are
the 2-element subsets of a 5-element set and whose edges are the pairs of disjoint 2-element subsets.

Definition. The girth of a graph with a cycle is the length of its shortest cycle. A graph with no cycle has
infinite girth

Definition. An automorphism of G is an isomorphism from G to G. A graph G is vertex-transitive if
for every pair u, v ∈ V (G) there is an automorphism that maps u to v.

Definition. A walk is a list v0, e1, v1, ..., ek, vk of vertices and edges such that, for 1 ≤ i ≤ k, the edge ei

has endpoints vi−1 and vi. A trail is a walk with no repeated edge. Endpoints, internal vertices, and length
(basically the number of edges involved) are defined in a similar manner to paths above. Also, a walk or
trail is closed if its endpoints are the same.

Definition. A cut-edge or cut-vertex of a graph is an edge or vertex whose deletion increases the number
of components. We write G − e or G −M for the subgraph of G obtained by deleting an edge e or set of
edges M . We write G− v or G− S for the subgraph obtained by deleting a vertex v or a set of vertices S.
Note that the vertex-induced subgraph we defined earlier G[T ] = G− T , where T = V (G)− T .
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Theorem 2. An edge is a cut-edge iff it belongs to no cycle.

Lemma 3. Every closed odd walk contains an odd cycle.

Definition. A bipartition of G is a specification of two disjoint independent sets in G whose union is
V (G). An X,Y − bigraph is a bipartite graph with bipartition X,Y .

Theorem 4. A graph is bipartite iff it has no odd cycle

Definition. The union of graphs G1, ..., Gk, written G1 ∪ ... ∪Gk is the graph with vertex set
⋃k

i=1 V (Gi)
and edge set

⋃k
i=1E(Gi).

Definition. A graph is Eulerian if it has a closed trail containing all edges. We call a closed trail a circuit
when we do not specify the first vertex but keep the list in cyclic order. An Eulerian circuit or Eulerian
trail in a graph is a circuit or trail containing all the edges. An even graph is a graph with vertex degrees
all even. A vertex is odd [even] when its degree is odd [even].

Definition. A maximal path in graph G is a path P in G that is not contained in a longer path. Note
this is not necessarily always a maximum path. Although the maximum path must be a maximal one.

Lemma 5. If every vertex of a graph G has degree at least 2, then G contains a cycle.

Proof. (Uses extremality of a maximal path). Let P be a maximal path in G, and let u be an endpoint of
P . Since P cannot be extended by definition, every neighbor of u must already be a vertex of P . Since u
has degree at least 2, it has a neighbor v in V (P ) via an edge not in P . The edge {u, v} completes a cycle
with the portion of P from v to u. �

Theorem 6. A graph G is Eulerian iff it has at most one nontrivial component and its vertices all have
even degree.

Proof. (⇒) Assume that G has an Eulerian circuit C. Every time C passes through a vertex we must use two
incident edges, and the first edge must be paired with the last at the vertex we begin at. Thus, every vertex
must have even degree. Furthermore, to only have one trail every edge must be in the same component, so
there is at most one nontrivial one.
(⇐) Assume that G has at most one nontrivial component and it is an even graph. We proceed by induction
on the number of edges in the graph m.
B.S. m = 0. There are no edges and so a closed trail consisting of one vertex will do.
I.S. m > 0. Since the degrees all must be even, then each vertex in the one nontrivial component of G
must have degree at least 2. By the lemma above, the nontrivial component must have a cycle C. Let
G′ = G−E(C). Since C has 0 or 2 edges at each vertex, each component of G′ is also an even graph. Since
each component also is connected and has fewer that m edges, by the induction hypothesis each component
of G′ must have an Eulerian circuit. To combine these into an Eulerian circuit of G, we start traversing C,
however we detour and complete the mini-circuit whenever we encounter a component of G′. Since C is a
circuit itself, we must end where we began. All edges were either in C or G′, so we have covered all edges of
G. �

Definition. Let G be a graph. The maximum degree is denoted ∆(G). The minimum degree is denoted
δ(G). A graph G is called regular if ∆(G) = δ(G). It is k-regular if the common degree is k. The
neighborhood of v, denoted NG(v) or N(v), is the set of vertices adjacent to v.

Proposition 7. (Degree-Sum Formula) If G is a graph, then∑
v∈V (G)

d(v) = 2 ∗ e(G)

Definition. The k-dimensional cube or hypercube Qk is the simple graph whose vertices are the k-tuples
with entries in {0, 1} and whose edges are the pairs of k-tuples that differ in exactly one position.

Definition. A graph G is H-free if G has no induced subgraph isomorphic to H.

Definition. A 2-switch is the replacement of a pair of edges with the opposite pair of edges assuming these
did not appear in the graph originally. Say we had edges {x, y} and {z, w} replaced by {y, z} and {w, x}.
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